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Introduction

This book consists of lecture notes for a course given at the EMS Summer School
on Noncommutative Geometry and Applications, at Monsaraz and Lisboa, Portugal
in September, 1997. These were made available in preprint form on the ArXiv, as
physics/9709045, at that time. In updating them for publication, I have kept to the
original plan, but have added citations of more recent papers throughout. An extra
final chapter summarizes some of the developments in noncommutative geometry in
the intervening years.

The course sought to address a mixed audience of students and young researchers,
both mathematicians and physicists, and to provide a gateway to noncommutative
geometry, as it then stood. It already occupied a wide-ranging area of mathematics,
and had received some scrutiny from particle physicists. Shortly thereafter, links to
string theory were found, and its interest for theoretical physicists is now indisputable.

Many approaches can be taken to introducing noncommutative geometry. In these
lectures, the focus is on the geometry of Riemannian spin manifolds and their noncom-
mutative cousins, which are ‘spectral triples’ determined by a suitable generalization
of the Dirac operator. These ‘spin geometries’, which are spectral triples with certain
extra properties, underlie the noncommutative geometry approach to phenomenologi-
cal particle models and recent attempts to place gravity and matter fields on the same
geometrical footing.

The first two chapters are devoted to commutative geometry; we set up the general
framework and then compute a simple example, the two-sphere, in noncommutative
terms. The general definition of a spin geometry is then laid out and exemplified
with the noncommutative torus. Enough details are given so that one can see clearly
that noncommutative geometry is just ordinary geometry, extended by discarding the
commutativity assumption on the coordinate algebra. Classification up to equivalence
is dealt with briefly in Chapter 7.

Other chapters explore some of the tools of the trade: the noncommutative integral,
the role of quantization, and the spectral action functional. Physical models are not
treated directly (these were the subject of other lectures at the Summer School), but
most of the mathematical issues needed for their understanding are dealt with here.
The final chapter is a brief overview of the profusion of new examples and applications
of noncommutative spaces and spectral triples.

I wish to thank several people who contributed in no small way to assembling these
lecture notes. José M. Gracia-Bondía gave decisive help at many points; and Alejandro
Rivero provided constructive criticism. I thank Daniel Kastler, Bruno Iochum, Thomas
Schücker and the late Daniel Testard for the opportunity to visit the Centre de Physique
Théorique of the CNRS at Marseille, as a prelude to the Summer School; and Piotr
M. Hajac for an invitation to teach at the University of Warsaw, when I rewrote the
notes for publication. This visit to Katedra Metod Matematycznych Fizyki of UW was
supported by European Commission grant MKTD–CT–2004–509794.
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1

Commutative geometry from the noncommutative
point of view

The traditional arena of geometry and topology is a set of points with some particular
structure that, for want of a better name, we call a space. Thus, for instance, one studies
curves and surfaces as subsets of an ambient Euclidean space. It was recognized early
on, however, that even such a fundamental geometrical object as an elliptic curve is
best studied not as a set of points (a torus) but rather by examining functions on this
set, specifically the doubly periodic meromorphic functions. Weierstrass opened up
a new approach to geometry by studying directly the collection of complex functions
that satisfy an algebraic addition theorem, and derived the point set as a consequence.
In probability theory, the set of outcomes of an experiment forms a measure space, and
one may regard events as subsets of outcomes; but most of the information is obtained
from ‘random variables’, i.e., measurable functions on the space of outcomes.

In noncommutative geometry, under the influence of quantum physics, this general
idea of replacing sets of points by classes of functions is taken further. In many cases
the set is completely determined by an algebra of functions, so one forgets about the
set and obtains all information from the functions alone. Also, in many geometrical
situations the associated set is very pathological, and a direct examination yields no
useful information. The set of orbits of a group action, such as the rotation of a circle
by multiples of an irrational angle, is of this type. In such cases, when we examine
the matter from the algebraic point of view, we often obtain a perfectly good operator
algebra that holds the information we need; however, this algebra is generally not
commutative. Thus, we proceed by first discovering how function algebras determine
the structure of point sets, and then learning which relevant properties of function
algebras do not depend on commutativity.

In a famous paper [94] that has become a cornerstone of noncommutative geo-
metry, Gelfand and Naı̆mark in 1943 characterized the involutive algebras of operators
by just dropping commutativity from the most natural axiomatization for the algebra
of continuous functions on a locally compact Hausdorff space. The starting point
for noncommutative geometry that we adopt here is to study ordinary ‘commutative’
spaces via their algebras of functions, omitting wherever possible any reference to the
commutativity of these algebras.



2 1 Commutative geometry from the noncommutative point of view

1.1 The Gelfand–Naı̆mark cofunctors

The Gelfand–Naı̆mark theorem can be thought of as the construction of two contravari-
ant functors (cofunctors for short) from the category of locally compact Hausdorff
spaces to the category of C∗-algebras.

The first cofunctor C takes a compact space X to the C∗-algebra C(X) of contin-
uous complex-valued functions on X, and takes a continuous map f : X → Y to its
transpose Cf : C(Y ) → C(X), h �→ h � f . If X is only a locally compact space,
the corresponding C∗-algebra is C0(X) whose elements are continuous functions van-
ishing at infinity, and we require that the continuous maps f : X → Y be proper (the
preimage of a compact set is compact) in order that h �→ h �f take C0(Y ) into C0(X).

The other cofunctor M goes the other way: it takes a C∗-algebra A onto its space
of characters, that is, nonzero homomorphisms μ : A → C. If A is unital, M(A) is
closed in the weak* topology of the unit ball of the dual spaceA∗ and hence is compact.
If φ : A → B is a unital ∗-homomorphism, the cofunctor M takes φ to its transpose
Mφ : M(B)→ M(A), μ �→ μ � φ.

WriteX+ := X� {∞} for the spaceX with a point at infinity adjoined (whetherX
is compact or not), and write A+ := C × A for the C∗-algebra A with an identity
adjoined via the rule (λ, a)(μ, b) := (λμ, λb + μa + ab), whether A is unital or not;
then C(X+) � C0(X)

+ as unital C∗-algebras. If μ0 : A+ → C, (λ, a) �→ λ, then
M(A) = M(A+) \ {μ0} is locally compact when A is nonunital. Notice that M(A)+
andM(A+) are homeomorphic.

That no information is lost in passing from spaces to C∗-algebras can be seen as
follows. If x ∈ X, the evaluation f �→ f (x) defines a character εx inM(C(X)), and
the map εX : X → M(C(X)), x �→ εx is a homeomorphism. If a ∈ A, its Gelfand
transform â : M(A) → C, μ �→ μ(a) is a continuous function on M(A), and the
map G : A → C(M(A)), a �→ â is a ∗-isomorphism of C∗-algebras, that preserves
identities if A is unital. These maps are functorial (or ‘natural’) in the sense that the
following diagrams commute:

X
f−−−−→ Y

εX

⏐⏐� ⏐⏐�εY
M(C(X))

MCf−−−−→ M(C(Y ))

A
φ−−−−→ B

GA

⏐⏐� ⏐⏐�GB

C(M(A))
CMφ−−−−→ C(M(B))

For instance, given a unital ∗-homomorphism φ : A → B, then for any a ∈ A and
ν ∈ M(B), we get

((CMφ � GA)a)ν = ((CMφ)â)ν = â((Mφ)ν) = â(ν � φ)
= ν(φ(a)) = φ̂(a)(ν) = ((GB � φ)a)ν,

by unpacking the various transpositions.
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This ‘equivalence of categories’has several consequences. First of all, two commu-
tative C∗-algebras are isomorphic if and only if their character spaces are homeomor-
phic. (If φ : A→ B andψ : B → A are inverse ∗-isomorphisms, thenMφ : M(B)→
M(A) andMψ : M(A)→ M(B) are inverse continuous proper maps.)

Secondly, the group of automorphisms Aut(A) of a commutative C∗-algebra A is
isomorphic to the group of homeomorphisms of its character space. Note that, sinceA
is commutative, there are no nontrivial inner automorphisms in Aut(A).

Thirdly, the topology of X may be specified in terms of algebraic properties of
C0(X). For instance, any ideal of C0(X) is of the form C0(U) where U ⊆ X is an
open subset (the closed set X \ U being the zero set of this ideal).

If Y ⊆ X is a closed subset of a compact space X, with inclusion map j : Y → X,
then Cj : C(X) → C(Y ) is the restriction homomorphism (which is surjective, by
Tietze’s extension theorem). In general, f : Y → X is injective if and only if
Cf : C(X)→ C(Y ) is surjective.

We may summarize several properties of the Gelfand–Naı̆mark cofunctor with the
following dictionary, adapted from [221, p. 24]:

TOPOLOGY ALGEBRA

locally compact space C∗-algebra

compact space unital C∗-algebra

compactification unitization

continuous proper map ∗-homomorphism

homeomorphism automorphism

open subset ideal

closed subset quotient algebra

metrizable separable

Baire measure positive linear functional

The C∗-algebra viewpoint also allows one to study the topology of non-Hausdorff
spaces, such as arise in probing a continuum where points are unresolved: see the book
by Landi on noncommutative spaces [138].

A commutativeC∗-algebra has an abundant supply of characters, one for each point
of the associated space. Looking ahead to noncommutative algebras, we can anticipate
that characters will be fairly scarce, and we need not bother to search for points. There
is, however, one role for points that survives in the noncommutative case: that of zero-
dimensional elements of a homological skeleton or cell decomposition of a topological
space. For that purpose, characters are not needed; we shall require functionals that
are only traces on the algebra, but are not necessarily multiplicative.
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1.2 The � functor

Continuous functions determine a space’s topology, but to do geometry we need at least
a differentiable structure. Thus we shall assume from now on that our ‘commutative
space’ is in fact a differential manifold M , of dimension n. For simplicity, we shall
usually assume that M is compact, even though this leaves aside important examples
such as Minkowski space. (It turns out that noncommutative geometry has been de-
veloped so far almost entirely in the Euclidean signature, where compactness can be
seen as a simplifying technical assumption. For the noncompact Euclidean case, see
Chapter 9. How to adapt the theory to deal with spaces with indefinite metric is still
an open problem, although there are by now several proposals available [133], [166],
[203].)

The C∗-algebra A = C(M) of continuous functions must then be replaced by the
algebra A = C∞(M) of smooth functions on the manifoldM . This is not aC∗-algebra,
and although it is a Fréchet algebra in its natural locally convex topology, our tactic is
to work with the dense subalgebra A ofA in a purely algebraic fashion. We think of A
as the subspace of ‘sufficiently regular’ elements of A: see Section 3.4.

A character of A is a distribution μ on M that is positive, since μ(a∗a) =
|μ(a)|2 ≥ 0, and as such is a measure [95] that extends to a character of C(M);
hence A also determines the point-spaceM .

To study a given compact manifold M , one uses the category of (complex) vector

bundles E
π−→M; its morphisms are bundle maps τ : E → E′ satisfying π ′ � τ = π

and so defining fibrewise maps τx : Ex → E′x (x ∈ M) that are required to be linear.

Given any vector bundle E
π−→M , write

�(E) := C∞(M,E)
for the space of smooth sections ofM . If τ : E→ E′ is a bundle map, the composition
�τ : �(E)→ �(E′), s �→ τ � s satisfies, for a ∈ A, x ∈ M ,

�τ(sa)(x) = τx(s(x)a(x)) = τx(s(x)) a(x) = (�τ(s)a)(x)
so�τ(sa) = �τ(s)a; that is,�τ : �(E)→ �(E′) is a morphism of (right) A-modules.
One may write either as or sa to denote the multiplication of a section s by a function a,
so �(E) can also be regarded as a left A-module, with appropriate changes of notation.

Vector bundles over M admit operations such as duality, direct sum (i.e., Whitney
sum) and tensor product; the �-functor carries these to analogous operations on A-
modules; for instance, if E, E′ are vector bundles overM , then

�(E ⊗ E′) � �(E)⊗A �(E
′),

where the right hand side is formed by finite sums
∑
j sj ⊗ s′j subject to the relations

sa ⊗ s′ − s ⊗ as′ = 0, for a ∈ A. One can show that any A-linear map from �(E) to
�(E′) is of the form �τ for a unique bundle map τ : E→ E′.
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It remains to identify the image of the �-functor. Note that if E = M × Cr is a
trivial bundle, then �(E) = Ar is a free A-module. SinceM is compact, we can find
nonnegative functions ψ1, . . . , ψq ∈ A with ψ2

1 + · · · + ψ2
q = 1 (a partition of unity)

such that E is trivial over the set Uj where ψj > 0, for each j . If fij : Ui ∩ Uj →
GL(r,C) are the transition functions forE, satisfyingfikfkj = fij onUi∩Uj∩Uk , then
the functions pij = ψifijψj (defined to be zero outside Ui ∩Uj ) satisfy

∑
k pikpkj =

pij , and so assemble into a qr×qr matrix p ∈ Mqr(A) such that p2 = p. A section in
�(E), given locally by smooth functions sj : Uj → Cr such that si = fij sj onUi ∩Uj ,
can be regarded as a column vector s = (ψ1s1, . . . , ψqsq)

t ∈ C∞(M)qr satisfying
ps = s. In this way, one identifies �(E) with pAqr .

The Serre–Swan theorem [205] says that this is a two-way street: if A = C∞(M),
then any right A-module of the form pAm, for an idempotent p ∈ Mm(A), is iso-
morphic to �(E) = C∞(M,E) for some vector bundle E. The fibre at the point
μ ∈ M = M(A) is the vector space pAm ⊗A (A/ kerμ) whose (finite) dimension is
the trace of the matrix μ(p) ∈ Mm(C).

In general, if A is any unital algebra, a right A-module of the form pAm is called
a finitely generated projective module. We summarize by saying that � is a (covariant)
functor from the category of vector bundles overM to the category of finitely generated
projective modules over C∞(M). The Serre–Swan theorem gives a recipe to construct
an inverse functor going the other way, so that these categories are equivalent. (See the
discussion by Brodzki [17], or Chapter 2 of [104], for more details in a modern style.)

What, then, is a noncommutative vector bundle? It is simply a finitely generated
projective right module E for a (not necessarily commutative) algebra A, which will
generally be a dense subalgebra of a C∗-algebra A.

1.3 Hermitian metrics and spinc structures

Any complex vector bundle can be endowed (in many ways) with a Hermitian metric.
The conventional practice is to define a positive definite sesquilinear form (· | ·)x on
each fibre Ex of the bundle, which must ‘vary smoothly with x’. The noncommutative
point of view is to eliminate x, and what remains is a pairing E × E → A on a finitely
generated projective right A-module with values in the algebra A that is A-linear in
the second variable, hermitian and positive definite. In symbols:

(r | s + t) = (r | s)+ (r | t),
(r | sa) = (r | s) a,
(r | s) = (s | r)∗,
(s | s) > 0 for s �= 0,

(1.1)

for r, s, t ∈ E , a ∈ A. Notice the consequence (rb | s) = b∗ (r | s) if b ∈ A.
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With this structure, E is called a pre-C∗-module or ‘prehilbert module’. More
precisely, a pre-C∗-module over a dense subalgebra A of a C∗-algebra A is a right A-
module E (not necessarily finitely generated or projective) with a pairing E × E → A
satisfying (1.1). One can complete it in the norm

|||s||| := √‖(s | s)‖
where ‖ · ‖ is the C∗-norm of A; the resulting Banach space is then a C∗-module. In
the case E = C∞(M,E), the completion is the Banach space of continuous sections
C(M,E). Indeed, in general this completion is not a Hilbert space. For instance, one
can take E = A itself, by defining (a | b) := a∗b; then |||a||| equals the C∗-norm ‖a‖,
so the completion is the C∗-algebra A.

The free A-module Am is a pre-C∗-module in the obvious way, namely (r | s) :=∑m
j=1 r

∗
j sj . This column-vector scalar product also works for pAm if p = p2 ∈

Mm(A), provided that p = p∗ also. If q = q2 ∈ Mm(A), one can always find a
projector p = p2 = p∗ inMm(A) that is similar and homotopic to q: see, for example,
[104, Thm. 3.8]. (The choice of p selects a particular Hermitian structure on the right
module qAm.) Thus we shall always assume from now on that the idempotent p is
also selfadjoint.

One can similarly study left A-modules. In fact, if E is any right A-module, the
conjugate space E is a left A-module: by writing E = {s : s ∈ E }, we can define
a s := (sa∗)−. For E = pAm, we get E = Amp where entries of Am are to be
regarded as ‘row vectors’.

Morita equivalence. Finitely generated projective A-modules with A-valued pair-
ings play a rôle in noncommutative geometry as mediating structures that is partially
hidden in commutative geometry: they allow the emergence of new algebras related,
but not isomorphic, to A. Consider the ‘ket-bra’ operators

|r〉〈s| : E → E , t �→ r (s | t), for r, s ∈ E . (1.2)

Composing two ket-bras yields a ket-bra:

|r〉〈s| · |t〉〈u| = |r(s | t)〉〈u| = |r〉〈u (t | s)|,
so all finite sums of ket-bras form an algebra B. Since r (s | ta) = r (s | t) a for a ∈ A,
ket-bras act ‘on the left’ on E and commute with the right action of A. If E = pAm,
then B = pMm(A) p. In this way, E becomes a ‘B-A-bimodule’.

If A is unital, one can regard B as E ⊗A E , by |r〉〈s| ↔ r ⊗ s. On the other hand,
we can form E ⊗B E , which is isomorphic to A as an A-bimodule via r ⊗ s ↔ (r | s).
This is an instance of Morita equivalence. In general, we say that two unital algebras
A, B are Morita-equivalent if there is a B-A-bimodule E and an A-B-bimodule F
such that

E ⊗A F � B, F ⊗B E � A, (1.3)
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as B-B- and A-A-bimodules respectively. With E = Am and F � Am, we see that
any full matrix algebra over A is Morita-equivalent to A; nontrivial projectors over A
offer a host of more ‘twisted’ examples of algebras that are equivalent to A in this
sense.

The importance of Morita equivalence of two algebras is that their representations
match. More precisely, suppose that there is a Morita equivalence of two algebras A
and B, implemented by a pair of bimodules E , F as in (1.3). Then the functors
H �→ E ⊗A H and H ′ �→ F ⊗B H ′ implement opposing correspondences between
representation spaces of A and B.

Moral: if we study an algebra A only through its representations, we must si-
multaneously study the various algebras Morita-equivalent to A. In particular, we
package together the commutative algebra C∞(M) and the noncommutative alge-
braMn(C∞(M)) for the purpose of doing geometry.

In the category of C∗-algebras (with or without unit element), one replaces finitely
generated projective modules by arbitrary C∗-modules and obtains a much richer the-
ory; see, for instance, [137], [181] and especially [175]. The notion analogous to (1.3)
is called ‘strong Morita equivalence’. In particular, let us note that two C∗-algebras A
and B are strongly Morita equivalent whenever A⊗K � B⊗K , where K is the ele-
mentary C∗-algebra of compact operators on a separable, infinite-dimensional Hilbert
space [19].

Spinc structures. Returning once more to ordinary manifolds, suppose thatM is an n-
dimensional orientable Riemannian manifold with a metric g on its tangent bundle TM .
We build a Clifford algebra bundle C
′(M)→ M whose fibres are full matrix algebras
(over C), as follows. If n is even, n = 2m, then C
′x(M) := C
(TxM, gx) ⊗R C �
M2m(C) is the complexified Clifford algebra over the tangent space TxM . If n is odd,
n = 2m+ 1, the analogous fibre splits asM2m(C)⊕M2m(C), so we take only the even
part of the complexified Clifford algebra: C
′x(M) := C
even(TxM)⊗R C � M2m(C).
The price we pay for this choice is that we lose the Z2-grading of the Clifford algebra
bundle in the odd-dimensional case.

What we gain is that in all cases, the bundle C
′(M) → M is a locally trivial
field of (finite-dimensional) elementary C∗-algebras. Such a field is classified, up to
equivalence, by a third-degree Čech cohomology class δ(C
′(M)) ∈ H 3(M,Z) called
the Dixmier–Douady class [67], [175]. Locally, one finds trivial bundles with fibres Sx
such that C
′x(M) � End(Sx); the class δ(C
′(M)) is precisely the obstruction to
patching them together (there is no obstruction to the existence of the algebra bundle
C
′(M)). It was shown by Plymen [171] that δ(C
′(M)) = W3(TM), the integral class
that is the obstruction to the existence of a spinc structure in the conventional sense of
a lifting of the structure group of TM from SO(n) to Spinc(n): see [149, Appendix D]
for more information onW3(TM).

ThusM admits spinc structures if and only if δ(C
′(M)) = 0. But in the Dixmier–
Douady theory, δ(C
′(M)) is the obstruction to constructing a B-A-bimodule S that
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implements a (strong) Morita equivalence between the C∗-algebras A = C0(M) and
B = C0(M,C


′(M)). Let us paraphrase Plymen’s redefinition of a spinc structure, in
the spirit of noncommutative geometry.

Definition1. LetM be a Riemannian manifold,A = C0(M) andB = C0(M,C

′(M)).

We say that the tangent bundle TM admits a spinc structure if and only if it is orientable
and δ(C
′(M)) = 0. In that case, a spinc structure on TM is a pair (ε,S) where ε is
an orientation on TM and S is a B-A-equivalence bimodule.

Following an earlier terminology introduced byAtiyah, Bott and Shapiro [4] in their
seminal paper on Clifford modules, the pair (ε,S) is also called aK-orientation onM .
Notice thatK-orientability demands more than mere orientability in the cohomological
sense. In any case, from now on we consider only orientable manifoldsM with a fixed
orientation ε, so thatK-orientability amounts to the existence of S. We note in passing
that Plymen’s approach recovers earlier work of Karrer on Clifford actions [123], [191].

What is this equivalence bimodule S? By the Serre–Swan theorem, it is of the
form �(S) for some complex vector bundle S → M that also carries an irreducible left
action of the Clifford algebra bundle C
′(M). This is the spinor bundle whose existence
displays the spinc structure in the conventional picture. We call �(S) = C∞(M, S)
the spinor module; it is an irreducible Clifford module in the terminology of [4], and
has rank 2m over C∞(M) if n = 2m or 2m+ 1.

Another matter is how to fit into this picture spin structures on M (liftings of
the structure group of TM from SO(n) to Spin(n) rather than Spinc(n)). These are
distinguished by the availability of a conjugation operator J on the spinors (which is
antilinear); we shall take up this matter in Chapter 3.

To summarize: the language of bimodules and Morita equivalence gives us direct
access to noncommutative (or commutative) vector bundles without invoking the con-
cept of a ‘principal bundle’. The concept of a noncommutative principal bundle is
certainly available – see, for instance, [107], [110], [143] and especially [7] – but here
we leave this matter aside.

1.4 The Dirac operator and the distance formula

As soon as a spinor module makes its appearance, one can introduce the Dirac operator.
This is a selfadjoint first-order differential operator D/ defined on the space H :=
L2(M, S) of square-integrable spinors, whose domain includes the smooth spinors
S = C∞(M, S). IfM is even-dimensional, there is a Z2-grading S = S+⊕S− arising
from the grading of the Clifford algebra bundle �(C
(M)), which in turn induces a
grading of the Hilbert space H = H+ ⊕H−; let us call the grading operator �, so
that �2 = 1 and H± are its (±1)-eigenspaces. The Dirac operator is obtained by
composing the natural covariant derivative on the modules S± (or just on S in the
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odd-dimensional case) with the Clifford multiplication by 1-forms that reverses the
grading.

We repeat that in more detail. The Riemannian metric g = [gij ] defines isomor-
phisms TxM � T ∗x M and induces a metric g−1 = [gij ] on the cotangent bundle T ∗M .
Via this isomorphism, we can redefine the Clifford algebra as the bundle with fibres
C
′x(M) := C
(T ∗x M, g−1

x ) ⊗R C (replacing C
 by C
even when dimM is odd). Let
A1(M) := �(T ∗M) be the A-module of 1-forms onM . The spinor module S is then
a B-A-bimodule on which the algebra B = �(C
′(M)) acts irreducibly and obeys the
anticommutation rule

{γ (α), γ (β)} = 2g−1(α, β) = 2gijαiβj for α, β ∈ A1(M). (1.4)

Here γ : A1(M)→ B denotes the action of A1(M) on H .
The metric g−1 on T ∗M gives rise to a canonical Levi-Civita connection

∇g : A1(M)→ A1(M)⊗A A1(M) that, as well as obeying the Leibniz rule

∇g(ωa) = (∇gω) a + ω ⊗ da,
preserves the metric and is torsion-free. A ‘spinc connection’ is then a linear operator
∇S : �(S) → �(S) ⊗A A1(M) satisfying two Leibniz rules, one for the right action
of A and the other, involving the Levi-Civita connection, for the left action of the
Clifford algebra:

∇S(ψa) = ∇S(ψ) a + ψ ⊗ da,
∇S(γ (ω)ψ) = γ (∇gω)ψ + γ (ω)∇Sψ, (1.5)

for a ∈ A, ω ∈ A1(M), ψ ∈ S. In the presence of a spin structure with conjugation
operator J , we say ∇S is the spin connection if it also commutes with J ; this spin
connection is unique [104, Sec. 9.3].

Once the spin connection is found, we define the Dirac operator as the composition
(−i)γ � ∇S ; more precisely, the local expression

D/ := −i γ (dxj )∇S
∂/∂xj

(1.6)

is independent of the coordinates and defines D/ on the domain S ⊂ H . The factor
(−i) is needed for D/ to be selfadjoint instead of skewadjoint, when we adopt the
positive-definite (Euclidean) convention for the Clifford relations (1.4). One can check
that this operator is symmetric; it extends to an unbounded selfadjoint operator on H ,
also called D/ . SinceM is compact, the latter D/ is a Fredholm operator and its kernel
is finite-dimensional. On the orthogonal complement of (kerD/ ) we may define D/−1,
which is a compact operator.

The distance formula. The Dirac operator may be characterized more simply by its
Leibniz rule. Since the algebra A is represented on the spinor space H by multiplication
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operators, we may form D/ (aψ), for a ∈ A and ψ ∈ H . It is an easy consequence of
(1.5) and (1.6) that

D/ (aψ) = −i γ (da)ψ + a D/ψ. (1.7)

This is the rule that we need to keep in mind. We can equivalently write it as

[D/ , a] = −i γ (da).
In particular, since a is smooth and M is compact, the operator ‖[D/ , a]‖ is bounded,
and its norm is simply the sup-norm ‖da‖∞ of the differential da. This also equals the
Lipschitz seminorm of a, defined as

‖a‖Lip := sup
p �=q

|a(p)− a(q)|
d(p, q)

,

where d(p, q) is the geodesic distance between the points p and q of the Riemannian
manifold M . This might seem to be an unwelcome return to the use of points in
geometry; but in fact this simple observation (by Connes) led to one of the great coups
of noncommutative geometry [36]. One can simply stand the previous formula on its
head:

d(p, q) = sup{|a(p)− a(q)| : a ∈ C(M), ‖a‖Lip ≤ 1},
= sup{|(p̂ − q̂)(a)| : a ∈ C(M), ‖[D/ , a]‖ ≤ 1}, (1.8)

and one discovers that the metric on the space of characters M = M(A) is entirely
determined by the Dirac operator.

This is, of course, just a tautology in commutative geometry; but it opens the way
forward, since it shows that what one must carry over to the noncommutative case is
precisely this operator, or a suitable analogue. One still must deal with the scarcity of
characters for noncommutative algebras. The lesson that (1.8) teaches [39] is that the
length element ds is in some sense inversely proportional to D/ .

The ingredients for a reformulation of commutative geometry in algebraic terms
are almost in place. We list them briefly: an algebra A; a representation space H
for A; and a selfadjoint operatorD/ on H . Additionally, a conjugation operator J , still
to be discussed; and, in even-dimensional cases, a Z2-grading operator � on H . This
package of four or five terms is called a real spectral triple or a real K-cycle or, more
simply, a spin geometry. Our task will be to study, to exemplify, and where possible,
to parametrize these geometries.



2

Spectral triples on the Riemann sphere

We now undertake the construction of some spectral triples (A,H ,D;�, J ) for a very
familiar commutative manifold, the Riemann sphere S2. This is an even-dimensional
Riemannian spin manifold, indeed it is the simplest nontrivial representative of that
class. Nevertheless, the associated spectral triples are not completely transparent, and
their construction is very instructive.

The sphere S2 can also be regarded as the complex projective line CP 1, or as the
compactified plane C∞ = C∪{∞}. As such, it is described by two charts,UN andUS ,
that omit respectively the north and south poles, with the respective local complex
coordinates

z = e−iφ cot θ2 , ζ = eiφ tan θ2 ,

related by ζ = 1/z on the overlap UN ∩US . We write q(z) := 1+ zz for convenience.
The Riemannian metric g and the area form � are given by

g = dθ2 + sin2 θ dφ2 = 4q(z)−2 dz dz = 4q(ζ )−2 dζ dζ,

� = sin θ dθ ∧ dφ = 2i q(z)−2 dz ∧ dz = 2i q(ζ )−2 dζ ∧ dζ.

2.1 Line bundles and the spinor bundle

Hermitian line bundles over S2 correspond to finitely generated projective modules
over A := C∞(S2), of ‘rank one’; these are of the form E = pAn where p = p2 =
p∗ ∈ Mn(A) is a projector of constant rank 1. (Equivalently, E is of rank one if
EndA(E) � A.) It turns out that it is enough to consider the case p ∈ M2(A). We
follow the treatment of Mignaco et al. [160]; see also [104, Sec. 2.6].

Using Pauli matrices σ1, σ2, σ3, we may write any projector inM2(A) as

p = 1

2

(
1+ n3 n1 − in2
n1 + in2 1− n3

)
= 1

2 (1+ �n · �σ)

where �n is a smooth function from S2 to S2. Any homotopy between two such functions
yields a homotopy between the corresponding projectors p and q; and one can then
construct a unitary element u ∈ M4(A) such that u(p ⊕ 0)u−1 = q ⊕ 0. Thus
inequivalent finitely generated projective modules are classified by the homotopy group
π2(S

2) = Z, the corresponding integer m being the degree of the map �n. If f (z) =
(n1 − in2)/(1 − n3) is the corresponding map on C∞ after stereographic projection,
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then m is also the degree of f . As a representative degree-m map, one could choose
f (z) = zm or f (z) = 1/zm.

Let us examine the projector corresponding to f (z) = z, of degree 1. It is

pB := 1

1+ zz
(
zz z

z 1

)
= 1

1+ ζ ζ

(
1 ζ

ζ ζ ζ

)
,

which is the well-known Bott projector that plays a key role in K-theory [13]. In
general, if m > 0, suitable projectors for the modules E(m), E(−m) of degrees ±m are

pm = 1

1+ (zz)m
(
(zz)m zm

zm 1

)
, p−m = 1

1+ (zz)m
(
(zz)m zm

zm 1

)
.

One can identifyE(1)with the space of sections of the tautological line bundleL→ CP 1

(the fibre at the point [v] ∈ CP 1 being the subspace Cv of C2), and E(−1) with the
space of sections of its dual, the so-called hyperplane bundle H → CP 1. In general,
the integer (−m) is the Chern class of the corresponding line bundle [96].

Let us choose basic local sections σmN(z), σmS(ζ ) for the module E(m). We take,
for m > 0,

σmN(z) := 1√
1+ (zz)m

(
zm

1

)
, σmS(ζ ) := 1√

1+ (ζ ζ )m

(
1

ζm

)
,

normalized so that (σmN | σmN) = (σmS | σmS) = 1. A global section σ = fNσmN =
fSσmS is thus determined by a pair of functions fN(z) and fS(ζ ) that are related on
the overlap UN ∩ US by the gauge transformation

fN(z) = (z/z)m/2fS(z−1). (2.1)

Definition 2. The spinor bundle S = S+⊕S− over S2 has rank two and is Z2-graded;
the spinor module S = S+⊕S− over A is likewise graded by S± := �(S±). With the
chosen conventions, we have S+ � E(1), S− � E(−1). Thus a spinor can be regarded
as a pair of functions on each chart, ψ±N (z) and ψ±S (ζ ), related by

ψ+N (z) =
√
z/z ψ+S (z

−1), ψ−N (z) =
√
z/z ψ−S (z

−1). (2.2)

The spin connection. This is the connection ∇S on the spinor module S determined
by the Leibniz rule

∇S(γ (α)ψ) = γ (∇gα)ψ + γ (α)∇Sψ, (2.3)

where ∇g is the Levi-Civita connection on the cotangent bundle, determined by

∇gq∂z
(dz
q

)
= z dz

q
, ∇gq∂z

(dz
q

)
= −z dz

q
,

∇g
q∂z

(dz
q

)
= −z dz

q
, ∇g

q∂z

(dz
q

)
= z dz

q
.

(2.4)
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Next, γ (α)ψ is the Clifford action of the 1-form α on the spinor ψ . The gamma-
matrices are Pauli matrices:

γ 1 := σ 1 =
(

0 1
1 0

)
, γ 2 := σ 2 =

(
0 −i
i 0

)
.

It is convenient to introduce the complex combinations γ± := 1
2 (γ

1 ± iγ 2). The
grading operator for the spinor module S = S+ ⊕ S− is then given by

γ 3 := −i γ 1γ 2 = σ 3 = [γ+, γ−] =
(

1 0
0 −1

)
,

and we note that γ±γ 3 = ∓γ±. The Clifford action of 1-forms must satisfy

{γ (dz), γ (dz)} = 2g−1(dz, dz) = 0,

{γ (dz), γ (dz)} = 2g−1(dz, dz) = q(z)2,
so we take simply γ (dz) := q(z) γ+ and γ (dz) := q(z) γ−. (This choice eliminates
the natural ambiguity of the matrix square root of q(z)2 12, and so is a gauge fixing.)
The spin connection is then given by

∇Sq∂z = q∂z + 1
2z γ

3, ∇S
q∂z
= q∂z − 1

2z γ
3, (2.5)

which is consistent with (2.3) and (2.4). These operators commute with γ 3, and thus
act on the rank-one modules S+, S− by

∇±q∂z = q∂z ± 1
2z, ∇±

q∂z
= q∂z ∓ 1

2z. (2.6)

2.2 The Dirac operator on the sphere SS2

Definition 3. The Dirac operator D/ := −i γ (dxj )∇S∂j on S2 may be rewritten in
complex coordinates as

D/ = −i γ (dz)∇S∂z − i γ (dz)∇S∂z = −i γ (dζ )∇
S
∂ζ
− i γ (dζ )∇S

∂ζ
.

Recalling the form (2.5) of the spin connection, we get

D/ = −i γ+ ∇Sq∂z − i γ− ∇Sq∂z = −i γ
+ (q ∂z + 1

2z γ
3)− i γ− (q ∂z − 1

2z γ
3)

= −i (q ∂z − 1
2z) γ

+ − i (q ∂z − 1
2z) γ

−.
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The ðð operator. At this point, it is handy to employ a first-order differential operator
introduced by Newman and Penrose [164]:

ðz := (1+ zz) ∂z − 1
2z = q ∂z − 1

2z = q3/2 · ∂z · q−1/2 (2.7)

and its complex conjugate ðz := q ∂z − 1
2z. Then

D/ = −i (ðz γ+ + ðz γ
−) = −i

(
0 ðz

ðz 0

)
. (2.8)

This operator is selfadjoint, since ðz is skewadjoint:

〈φ+ | ðzψ−〉 = −〈ðzφ+ | ψ−〉,
on the Hilbert space L2(C, 2i q−2 dz ∧ dz), in view of ðz = q3/2 · ∂z · q−1/2. The
scalar product of spinors is then given by

〈ψ1 | ψ2〉 = 〈ψ+1 | ψ+2 〉 + 〈ψ−1 | ψ−2 〉 :=
∫

C

(
ψ̄+1 ψ

+
2 + ψ̄−1 ψ−2

)
�.

D/ thus extends to a selfadjoint operator on this Hilbert space of spinors, which we
call H := L2(S2, S). Moreover, γ 3 extends to a grading operator on H for which
H± = L2(S2, S±), and it is immediate that D/γ 3 = −γ 3D/ .

Definition 4. The conjugation operator J on the Hilbert space H of spinors is defined
as follows:

J

(
ψ+

ψ−

)
:=

(−ψ̄−
ψ̄+

)
(2.9)

To see that J is well-defined, it suffices to recall that the gauge transformation rules for
upper and lower half-spinors are conjugate (2.2). Clearly J 2 = −1 and J is antilinear,
indeed antiunitary in the sense that 〈Jψ1 | Jψ2〉 = 〈ψ2 | ψ1〉 for all ψ1, ψ2 ∈ H .
Moreover, J anticommutes with the grading: Jγ 3 = −γ 3J . Note that J = −iγ 2K

where K is complex conjugation, so J is the charge conjugation operator on spinors.

Finally, J commutes with the Dirac operator: JD/ = D/J . Here it is convenient to
introduce the antilinear adjoint operator J †, defined by 〈ψ1 | J †ψ2〉 := 〈ψ2 | Jψ1〉; of
course, J † = J−1 = −J since J is antiunitary. The desired identity JD/ J † = D/ now
follows from

JD/ J †
(
ψ+

ψ−

)
= JD/

(
ψ̄−

−ψ̄+
)
= i J

(−ðzψ̄
+

ðzψ̄−

)
= −i

(
ðzψ

−

ðzψ+

)
= D/

(
ψ+

ψ−

)
.

In the Chapter 3 we shall see that the three signs that appear in the commutation
relations for J , namely J 2 = −1, Jγ 3 = −γ 3J and JD/ = +D/J , are characteristic
of dimension two.

Definition 5. We call the data set (C∞(S2), L2(S2, S),D/ ; γ 3, J ) the fundamental
spectral triple for the commutative spin manifold S2.



2.3 Spinor harmonics and the spectrum of D/ 15

The Lichnerowicz formula. This formula [12] relates the square of the Dirac operator
on the spinor module to the spinor Laplacian; the difference between the two is one
quarter of the scalar curvature s of the underlying spin manifold: D/ 2 = �S + 1

4 s.
For the sphere S2 with the metric already chosen, the scalar curvature (or Gaussian
curvature) is s = gijRkikj = 2, so that the Lichnerowicz formula in this case is just

D/ 2 = �S + 1
2 . (2.10)

The spinor Laplacian is the generalized Laplacian [12] on the spinor module:

�S = −gij (∇S∂i∇S∂j − �kij∇S∂k),
which in the isotropic basis {q∂z, q∂z} reduces to

�S = −q2 ∂z∂z + 1
4zz+ 1

2q(z ∂z − z ∂z) γ 3.

On the other hand, from (2.7) one gets directly

D/ 2 =
(−ðzðz 0

0 −ðzðz

)
= (− q2 ∂2

z ∂
2
z + 1

4zz+ 1
2

)+ 1
2q(z ∂z − z ∂z) γ 3 = �S + 1

2 .

2.3 Spinor harmonics and the spectrum of D/

The eigenspinors of D/ can now be found by turning up appropriate matrix elements
of well-known representations of SU(2); but a more pedestrian approach is quicker.
These eigenspinors appear already in Newman and Penrose [164] under the name spinor
harmonics, and were further studied by Goldberg et al. [97].

Their construction is based on two simple observations. The first is an elementary
calculation with the ð operator:

ðz
(
q−lzr (−z)s) = (l + 1

2 − r)q−lzr (−z)s+1 + rq−lzr−1(−z)s,
−ðz

(
q−lzr (−z)s) = (l + 1

2 − s)q−lzr+1(−z)s + sq−lzr (−z)s−1,
(2.11)

where r, s ∈ N. The first is easily checked, the second follows by complex conjuga-
tion. One sees at once that suitable combinations of the functions q−lzr (−z)s , with l
and (r − s) held fixed, will form eigenvectors for the operator D/ on account of its
presentation (2.8).

Secondly, compatibility with gauge transformations of spinors (2.2) imposes re-
strictions on the exponents l, r, s. If φ(z) :=∑

r,s≥0 a(r, s) q
−lzr (−z)s , then

(z/z)1/2φ(z−1) = (−1)l+
1
2
∑
r,s≥0

a(r, s) q−lzl−
1
2−r (−z)l+ 1

2−s,
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so that φ ∈ S+ iff l − 1
2 ∈ N, and a(r, s) �= 0 only for r = 0, 1, . . . , l − 1

2 and
s = 0, 1, . . . , l + 1

2 . To have φ ∈ S−, interchange the restrictions on r and s.

Ifm := r−s± 1
2 , the corresponding restriction ism = −l,−l+1, . . . , l−1, l, a very

familiar sight in the theory of angular momentum; but with the important difference that
here l and m are half-integers but not integers, so the corresponding matrix elements
do not drop to matrix elements of representations of SO(3).

We can now display the spinor harmonics. They form two families, Y+lm and Y−lm,
corresponding to upper and lower spinor components; they are indexed by

l ∈ N+ 1
2 =

{ 1
2 ,

3
2 ,

5
2 , . . .

}
, m ∈ {−l,−l + 1, . . . , l − 1, l},

and the formulas are

Y+lm(z) := Clm q−l
∑

r−s=m− 1
2

(
l − 1

2
r

)(
l + 1

2
s

)
zr(−z)s,

Y−lm(z) := Clm q−l
∑

r−s=m+ 1
2

(
l + 1

2
r

)(
l − 1

2
s

)
zr(−z)s,

(2.12)

where the normalization constants Clm are defined as

Clm := (−1)l−m
√

2l + 1

4π

√
(l +m)! (l −m)!
(l + 1

2 )! (l − 1
2 )!
.

Eigenspinors. The coefficients in (2.12) are chosen so as to satisfy

ðzY
−
lm =

(
l + 1

2

)
Y+lm and ð̄zY

+
lm = −

(
l + 1

2

)
Y−lm.

in view of (2.11). If we then define normalized spinors by

Y ′lm :=
1√
2

(
Y+lm
iY−lm

)
, Y ′′lm :=

1√
2

(−Y+lm
iY−lm

)
,

we get an orthonormal family of eigenspinors for the Dirac operator:

D/Y ′lm =
(
l + 1

2

)
Y ′lm, D/ Y ′′lm = −

(
l + 1

2

)
Y ′′lm,

where the eigenvalues are nonzero integers and each eigenvalue ±(l + 1
2

)
has mul-

tiplicity (2l + 1). In fact, these are all the eigenvalues of D/ ; for that, we need the
following completeness result, established in [97]:∑

l,m

Y±lm(z) Y
±
lm(z

′) = δ(φ − φ′) δ(cos θ − cos θ ′).

Consequently, the spinors
{
Y ′lm, Y ′′lm : l ∈ N+ 1

2 ,m ∈ {−l, . . . , l}
}

form an orthonor-
mal basis for the Hilbert space H = L2(S2, S).
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The spectrum. We have thus computed the spectrum of the Dirac operator:

sp(D/ ) = {± (
l + 1

2

) : l ∈ N+ 1
2

} = Z \ {0}, (2.13)

with the aforementioned multiplicities (2l + 1). Notice that, since the zero eigenvalue
is missing, the Dirac operator D/ is invertible and it has index zero.

The Lichnerowicz formula (2.10) gives the spectrum of the spinor Laplacian,

sp(�S) = {
l2 + l − 1

4 : l ∈ N+ 1
2

}
,

with respective multiplicities 2(2l + 1). There is also a Casimir operator C with the
same eigenspaces and respective eigenvalues l2 + l, so that D/ 2 = C + 1

4 = C + 1
8s;

this variant of the Lichnerowicz formula appears in the theory of Dirac operators on
symmetric spaces [89, Sec. 3.5].

2.4 Twisted spinor modules

To define other spectral triples over A = C∞(M), we may twist the spinor module S
by tensoring it with some other finitely generated projective A-module E , the Clifford
action on S ⊗A E being given by

γ (α)(ψ ⊗ σ) := (γ (α)ψ)⊗ σ for ψ ∈ S, σ ∈ E .

We call S ⊗A E , with this action of the algebra �(C
′(M)), a twisted spinor module.
We show, with our example A = C∞(S2), how one can create new spectral triples

by twisting the fundamental one. However, these triples will not always respect the
‘real structure’ J , as we shall see.

We examine first the case where E = E(m) is a module of sections of a complex line
bundle of first Chern class (−m). Then the twisted spinor module is also Z2-graded;
indeed, S ⊗A E(m) � E(m+1) ⊕ E(m−1).

The twisted Dirac operator. The half-spinor modules S± = E(±1) have connections
∇± given by (2.6). Now E(m) � E(1) ⊗A · · · ⊗A E(1) (m times) if m > 0 and
E(m) � E(−1) ⊗A · · · ⊗A E(−1) (|m| times) if m < 0, so we can define a connection
∇(m) on E(m) by

∇(m)(s1 ⊗ · · · ⊗ s|m|) :=
|m|∑
j=1

s1 ⊗ · · · ⊗ ∇±(sj )⊗ · · · ⊗ s|m|,

and from (2.6) and the Leibniz rule it follows that

∇(m)q∂z
= q∂z + 1

2mz, ∇(m)
q∂z
= q∂z − 1

2mz.
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On S ⊗A E(m), we define the twisted spin connection ∇̃S := ∇S ⊗ 1+ 1⊗∇(m). We
obtain

∇̃Sq∂z = q∂z + 1
2z(m+ γ 3), ∇̃S

q∂z
= q∂z − 1

2z(m+ γ 3).

The corresponding Dirac operator is

D/m = −iγ+ ∇̃Sq∂z − iγ− ∇̃Sq∂z
= −i(q∂z + 1

2 (m− 1)z
)
γ+ − i(q∂z − 1

2 (m+ 1)z
)
γ−

= −i(ðz + 1
2mz) γ

+ − i(ðz − 1
2mz) γ

−,

or more pictorially,

D/m =
(

0 D/−m
D/+m 0

)
= −i

(
0 ðz + 1

2mz

ðz − 1
2mz 0

)
.

This extends to a selfadjoint operator on the Z2-graded Hilbert space H(m) where
H±
(m) = L2(S2, Lm±1).

Computation of the index. Notice that

D/+m = −i q(m+3)/2 · ∂z · q−(m+1)/2,

so that a half-spinorψ+ lies in kerD/+m if and only ifψ+N (z) = q(z)(m+1)/2 a(z)where a
is an entire holomorphic function. The gauge transformation rule (2.1) shows that the
function ψ+S (z−1) = (z/z)(m+1)/2ψ+N (z) is regular at z = ∞ only if either a = 0, or
m < 0 and a(z) is a polynomial of degree < |m|. Thus dim kerD/+m = |m| if m < 0
and equals 0 form ≥ 0. A similar argument shows that dim kerD/−m = m ifm > 0 and
is 0 for m ≤ 0. We conclude that D/+m is a Fredholm operator on H(m), whose index is

indexD/+m := dim kerD/+m − dim kerD/−m = −m,
which equals the first Chern class of the twisting bundle.

Incompatibility with the real structure. The twisting by E(m) loses the property of
commutation with the charge conjugation J (2.9). In fact, it is easy to check that

JD/mJ
† = −i

(
0 ðz − 1

2mz

ðz + 1
2mz 0

)
= D/−m.

In conventional language, we could say that the twisted spinor bundle S ⊗ Lm is
associated to a spinc structure on T S2, and that this is a spin structure only if m = 0.
Conjugation by J exchanges the spinc structures, fixing only the spin structure; this
exemplifies the general fact [40] that commutation (or anticommutation) of D/ with J
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picks out a spin structure when these are available. (The charge conjugation operator
is tightly constrained by its interaction with the coordinate algebra A and the Clifford
algebra B, whatever spinor module is: see [104, Thm. 9.6]; for the two-sphere, J is
unique up to multiplication by a trivial phase factor.) In view of these circumstances,
we shall say that J defines a real structure on (A,H).

In summary, (C∞(S2),H(m),D/m; γ 3) is a (complex) spectral triple, but is not a
‘real spectral triple’ if m �= 0.

2.5 A reducible spectral triple

The twisted spinor modules discussed above are irreducible for the action of the Clifford
algebra B = �(C
′(S2)). On the other hand, B acts reducibly on the algebra of
differential forms A•(S2) by

γ (α) ω := α ∧ ω + ι(α�)ω for α ∈ A1(S2),

where α� is the vector field determined by α�(f ) := g−1(α, df ), f ∈ A. On the
algebra of forms we can use the Hodge star operator, defined as the involutive A-
module isomorphism determined by �1 = −i �, �dθ = i sin θ dφ (the phase factors
are inserted to make �� = 1); in complex coordinates,

�1 = 2q−2 dz ∧ dz, �(q−1 dz) = i q−1 dz.

The codifferential δ = −�d� is the adjoint of the differential d with respect to the
scalar product of forms:

〈α | β〉 = i(−1)k(k+1)/2
∫

S2
ᾱ ∧ �β for α, β ∈ Ak(S2), (2.14)

with which A•(S2) = A0(S2) ⊕ A1(S2) ⊕ A2(S2) may be completed to a Hilbert
space H := L2,0(S2)⊕ L2,1(S2)⊕ L2,2(S2).

The Hodge–Dirac operator. One can construct a Dirac operator on this Hilbert space
by twisting, along the following lines. One can identify A•(S2) with S ⊗A S′ as
B-A-s, where S′ denotes the spinor module with the opposite grading: (S′)± = S∓.
A detailed comparison of these bimodules and their Dirac operators is given in [209].
The spin connection on S′ is given – compare (2.5) – by

∇S′q∂z = q∂z − 1
2z γ

3, ∇S′
q∂z
= q∂z + 1

2z γ
3,
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and ∇̃ := ∇S ⊗ 1 + 1 ⊗ ∇S′ gives the tensor product connection on S ⊗A S′. The
Dirac operator on this twisted module is then

D̃/ := − i(γ+ ⊗ 1) ∇̃q∂z − i(γ− ⊗ 1) ∇̃
q∂z

= D/ ⊗ 1+ γ+ ⊗ ∇S′q∂z + γ− ⊗ ∇S
′
q∂z
.

The Lichnerowicz formula for this operator is [209]:

D̃/
2 = �̃+ 1

2 − 1
2 (γ

3 ⊗ γ 3), (2.15)

where the term − 1
2 (γ

3 ⊗ γ 3) is the ‘twisting curvature’ [12].
Ugalde [209] has shown that, via an appropriate A-module isomorphism S⊗AS′ �

A•(S2), the corresponding operator on A•(S2) is precisely the operator −i(d − δ),
that we call the ‘Hodge–Dirac operator’. Its square is the Hodge Laplacian �H :=
−(d − δ)2 = dδ + δd. Under the aforementioned isomorphism, (2.15) transforms to
−(d − δ)2 = �H + 1

2 − 1
2 . Another presentation of the Hodge–Dirac operator is given

in [104, Sec. 9.B].
The eigenforms for the Hodge Laplacian on spheres have been determined by

Folland [87]. For n = 2, the eigenvalues of�H are {l(l+1) : l ∈ N}with multiplicities
4(2l + 1) for l = 1, 2, 3, . . . ; for l = 0, there is a 2-dimensional kernel of harmonic
forms, generated by 1 and i �. The other eigenforms are interchanged by d and δ, and
so may be combined to get a complete set of eigenvectors for −i(d − δ); this yields

sp(−i(d − δ)) = {±√
l(l + 1) : l ∈ N

}
, (2.16)

with respective multiplicities 2(2l + 1).

Grading and real structure. There are two Z2-grading operators at our disposal on
the Hilbert space H of forms: the even/odd form-degree grading ε and the Hodge
star operator �. In differential-geometric language, these correspond to selecting the
de Rham complex or the signature complex as the object of interest [96]. The Dirac
operator −i(d − δ) is odd for either grading.

To distinguish these Z2-gradings on the spectral triple (A,H ,−i(d − δ)), we look
for a real structure J : an antilinear isometry, satisfying J 2 = −1 and JaJ † = a if a ∈
C∞(S2), that commutes with −i(d − δ) and anticommutes with the grading operator.
In particular, J must preserve the two-dimensional kernel. Since the harmonic forms
have even degree, any such J cannot anticommute with the grading ε. However, it
turns out that the eigenspaces for −i(d − δ) can be split into selfdual and antiselfdual
subspaces of dimension 2l + 1 each. One can then find a conjugation J that does
anticommute with the Hodge star operator: J�J † = −�. This yields a real spectral
triple:

(C∞(S2), L2,•(S2),−i(d − δ); �, J ).
This is the ‘Dirac–Kähler’ geometry studied by Mignaco et al. [160]. It also appears
prominently in [90].
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Real spectral striples: the axiomatic foundation

Having exemplified how differential geometry may be made algebraic in the commu-
tative case of Riemannian spin manifolds, we now extract the essential features of this
formulation, with a view to relaxing the constraint of commutativity on the underlying
algebra. We shall follow quite closely the treatment of Connes in [40], [41], wherein
an axiomatic scheme for noncommutative geometries is set forth. Indeed, one could
say that these lectures are essentially an extended meditation on those ‘axioms’.

3.1 The data set

The fundamental object of study is a spectral triple, also known as an (unbounded)
K-cycle because it is a building block forK-homology: see [113]. This consists of three
pieces of data (A,H ,D), sometimes accompanied by other data � and J , satisfying
several compatibility conditions which we formulate as axioms. If � is present, we
say that the K-cycle is even, otherwise it is odd. If J is present, we say the K-cycle is
real; if not, we can call it ‘complex’. We shall, however, concentrate on the real case.

Definition 6. An even, real, spectral triple is of a set of five objects (A,H ,D;�, J )
of the following types:

1. A is a unital, dense ∗-subalgebra of a C∗-algebra A;

2. H is a Hilbert space carrying a faithful representation π of A by bounded ope-
rators;

3. D is a selfadjoint operator on H , with compact resolvent, such that for each
a ∈ A, the commutator [D,π(a)] is a bounded operator on H ;

4. � is a selfadjoint unitary operator on H , so that �2 = 1;

5. J is an antilinear isometry of H onto itself.

Before introducing the further relations and properties that these objects must sat-
isfy, we make some comments on the data themselves.

1. In principle, no topology on A need be given. However, it often happens that
A is a locally convex topological vector space whose topology is finer than that
of the C∗-norm of A; in particular, in many examples A is a Fréchet space. We
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may then ask that A be a pre-C∗-algebra, namely, that the inclusion A ↪→ A be
continuous and that A be stable under the holomorphic functional calculus of the
C∗-algebra A. This means that for any a ∈ A and any function f holomorphic
in a neighbourhood of the spectrum sp(a) in A, the element f (a) ∈ A actually
belongs to A. Here f (a) is the Dunford integral, where γ winds once positively
around sp(a):

f (a) := 1

2πi

∮
γ

f (ζ )(ζ − a)−1 dζ.

A Fréchet algebra A is a pre-C∗-algebra if and only if whenever a ∈ A is
invertible in A, the inverse a−1 lies in A: see [104, Sec. 3.8].

This happens whenever A = ⋂∞
k=1 Dom(Lk), where L is a densely defined

derivation of A, since L(a−1) = −a−1 L(a) a−1 for any derivation; in this
case, A is the set of smooth elements of A under the action of the one-parameter
group of automorphisms generated by L. Or A could be the common smooth
domain of a Lie algebra of such derivations. In the case A = C∞(M), a smooth
nonvanishing function has a smooth reciprocal.

When A is a Fréchet pre-C∗-algebra, theK-theories of A and ofA are the same.
That is to say, the inclusion j : A → A induces isomorphisms j∗ : K0(A) →
K0(A) and j∗ : K1(A) → K1(A). This was proved by Bost [15], who first
showed that Fréchet pre-C∗-algebras admit a useful topological-K1 functor.

2. When a ∈ A and ξ ∈ H , we shall usually write aξ := π(a)ξ . On a few
occasions, though, we shall need to refer explicitly to the representation π .

3. That D has ‘compact resolvent’ means that (D − λ)−1 is compact, whenever
λ /∈ R. Equivalently, D has a finite-dimensional kernel, and the inverse D−1

(defined on the orthogonal complement of this kernel) is compact. In particular,
D has a discrete spectrum of eigenvalues of finite multiplicity. This generalizes
the case of a Dirac operator on a compact spin manifold; thus the spectral triples
discussed here represent ‘noncommutative compact manifolds’. Noncompact
manifolds can be treated in a parallel manner by deleting the requirement that
the algebra A have a unit, whereupon we require only that for each a ∈ A, the
operators a(D − λ)−1 be compact [39]. Several examples of such nonunital
spectral triples, modelling ‘noncompact noncommutative spin geometries’ are
now available [91], [93], [101], [177], [178]: see Chapter 9.

On the basis of the distance formula (1.8), we shall interpret the inverse ofD as a
length element. SinceD is generally not a positive operator, we use the inverse of
its modulus |D| = (D2)1/2; we shall write ds := |D|−1. (Actually, the point of
view advocated in [40] is that one should treat ds as an abstract symbol adjoined
to the algebra A and consider |D|−1 as its representative on H ; but we shall
ignore this distinction here.)
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4. The Z2-grading operator �, available for even spectral triples, splits the Hilbert
space as H = H+ ⊕H−, where H± is the (±1)-eigenspace of �. In this case,
we suppose that the representation of A on H is even and that the operator D is
odd, that is, a� = �a for a ∈ A andD� = −�D. We display this symbolically
as

π(a) =
(
a 0
0 a

)
, D =

(
0 D−
D+ 0

)
,

where D+ : H+ → H− and D− : H− → H+ are adjoint to each other.

5. The real structure J must satisfy J 2 = ±1 and commutation relations JD =
±DJ , J� = ±�J ; for the signs, see Axiom 7 below. Its adjoint is J † = J−1 =
±J . The recipe

π�(b) := Jπ(b∗)J † (3.1)

defines an antirepresentation of A, that is, it reverses the product. It is convenient
to think of π� as a true representation of the opposite algebra A�, consisting of
elements {a� : a ∈ A} with product a�b� = (ba)�. Thus we shall usually
abbreviate (3.1) to b� = Jb∗J †. The important property that we require is that
the representations π and π� commute; that is,

[a, b�] = [a, Jb∗J †] = 0 for all a, b ∈ A. (3.2)

When A is commutative, we may demand also that Jπ(b∗)J † = π(b), making
(3.2) automatic. In this case, our data yield a ‘commutative spectral triple’ [40].
This requires that A act as scalar multiplication operators on the spinor space,
as exemplified in Chapter 2.

The stage is set. We now deal with the further conditions needed to ensure that
these data underlie a spin geometry.

3.2 Infinitesimals and dimension

Axiom 1 (Dimension). There is an integer n, the metric dimension of the spectral
triple, such that the length element ds := |D|−1 is an infinitesimal of order 1/n.

By ‘infinitesimal’ we mean simply a compact operator on H . Since the days of
Leibniz, an infinitesimal is conceptually a nonzero quantity smaller than any positive ε.
Since we work on the arena of an infinite-dimensional Hilbert space, we may forgive
the violation of the requirement T < ε over a finite-dimensional subspace (that may
depend on ε). T must then be an operator with discrete spectrum, with any nonzero λ
in sp(T ) having finite multiplicity; in other words, the operator T must be compact.
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The singular values of T , i.e., the eigenvalues of the positive compact operator
|T | := (T ∗T )1/2, are arranged in decreasing order: μ0 ≥ μ1 ≥ μ2 ≥ · · · . We then
say that T is an infinitesimal of order α if

μk(T ) = O(k−α) as k→∞.
Notice that infinitesimals of first order have singular values that form a logarithmically
divergent series:

μk(T ) = O
(1

k

)
�⇒ σN(T ) :=

∑
k<N

μk(T ) = O(logN) as N →∞. (3.3)

The dimension axiom then entails that there is a positive integer n for which the singular
values of D−n form a logarithmically divergent series. The coefficient of logarithmic
divergence will be denote by

∫ |D|−n, where
∫

denotes the noncommutative integral;
we shall say more about it in Chapter 5.

We allow n = 0 as a possible metric dimension, under two circumstances: either
(a) the singular values of |D|−1 go to zero exponentially fast: see [30], [62] for examples
of that; or (b) the algebra A and the Hilbert space H are finite-dimensional, so thatD is
just a hermitian matrix. These ‘finite spectral triples’ have been classified and studied
in [117], [136], [165].

Example. Let us compute the dimension of the sphere S2 from its fundamental spectral
triple. From the spectrum of D/ we get the eigenvalues of the positive operator D/−2:

sp(D/−2) = {(
l + 1

2

)−2 : l ∈ N+ 1
2

} = {k−2 : k = 1, 2, 3, . . .}
where the eigenvalue k−2 has multiplicity 4k = 2(2l + 1). For N = 2M(M + 1), we
get

σN(D/
−2) =

∑
k<M

4k

k2 ∼ 4 logM ∼ 2 logN as N →∞,

so that D/−1 is an infinitesimal of order 1
2 and therefore the dimension is 2 (surprise!).

Also, the coefficient of logarithmic divergence is∫
− D/−2 = lim

N→∞
σN(D/

−2)

logN
= 2.

As we shall see later on, this coefficient is 1/2π times the area for any 2-dimensional
surface, so the area of the sphere is hereby computed to be 4π .
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3.3 The first-order condition

Axiom 2 (Order one). For all a, b ∈ A, the following commutation relation holds:

[[D, a], J b∗J †] = 0. (3.4)

This could be rewritten as [[D, a], b�] = 0 or as [[D,π(a)], π�(b)] = 0.
Using (3.2) and the Jacobi identity, we see that this condition is symmetric in the
representations π and π�, since

[a, [D, b�]] = [[a,D], b�] + [D, [a, b�]] = −[[D, a], b�] = 0.

In the commutative case, the condition (3.4) expresses the fact that the Dirac operator
is a first-order differential operator:

[[D/ , a], J b∗J †] = [[D/ , a], b] = −i [γ (da), b] = 0.

(Contrast this with a second-order operator like a Laplacian, that satisfies [[�, a], b] =
2g−1(da, db), generally nonzero [12].)

We can interpret (3.4) as saying that the operators π�(b) commute with the sub-
algebra of operators on H generated by all π(a) and [D,π(a)]. This gives rise to a
linear representation of the tensor product of several copies of A:

πD(a ⊗ a1 ⊗ a2 ⊗ · · · ⊗ an) := π(a) [D,π(a1)] [D,π(a2)] . . . [D,π(an)],
or, more simply, a [D, a1] [D, a2] . . . [D, an]. In view of the order one condition, we
could even replace the first entry a ∈ A by a ⊗ b� ∈ A⊗A�, writing

πD((a ⊗ b�)⊗ a1 ⊗ a2 ⊗ · · · ⊗ an)
:= π(a)π�(b) [D,π(a1)] [D,π(a2)] . . . [D,π(an)], (3.5)

Now Cn(A,A⊗A�) := (A⊗A�)⊗A⊗n is a bimodule over the algebra A, and this
recipe represents it by operators on H . Its elements are called Hochschild n-chains
with coefficients in the A-bimodule A⊗A�.

3.4 Smoothness of the algebra

Axiom 3 (Regularity). For any a ∈ A, [D, a] is a bounded operator on H , and both a
and [D, a] belong to the domain of smoothness

⋂∞
k=1 Dom(δk) of the derivation δ

on L(H) given by δ(T ) := [|D|, T ].
In the commutative case, where [D/ , a] = −i γ (da), this condition amounts to

saying that a has derivatives of all orders, i.e., that A ⊆ C∞(M). This can be proved
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with pseudodifferential calculus, since the principal symbol of the modulus of the
Dirac operator is σ|D|(x, ξ) = |ξ | 1. One finds that all multiplication operators in⋂∞
k=1 Dom(δk) are multiplications by smooth functions.
Assuming regularity, one can confer a locally convex topology on A with the semi-

norms a �→ ‖δk(a)‖ and a �→ ‖δk([D, a])‖. The completion of A in this topology is a
Fréchet pre-C∗-algebra, and Axiom 3 still holds when A is replaced by its completion
[177, Lemma 16]. Also, this topology coincides with the usual one on C∞(M), in the
commutative case [177, Prop. 20]. Therefore, we may assume that the algebra of a
regular spectral triple is a pre-C∗-algebra.

3.5 Hochschild cycles and orientation

Axiom 4 (Orientability). There is a Hochschild cycle c ∈ Zn(A,A ⊗ A�) whose
representative on H is

πD(c) =
{
�, if n is even,

1, if n is odd.

Here c is a Hochschild n-chain as defined above, and π(c) is given by (3.5). We
say c is a cycle if its boundary is zero, where the Hochschild boundary b(x) of the
n-chain x = m⊗ a1 ⊗ · · · ⊗ an, with m ∈ A⊗A�, is

b(x) := ma1 ⊗ a2 ⊗ · · · ⊗ an −m⊗ a1a2 ⊗ · · · ⊗ an + · · ·
+ (−1)n−1m⊗ a1 ⊗ · · · ⊗ an−1an + (−1)nanm⊗ a1 ⊗ · · · ⊗ an−1.

This satisfies b2 = 0 and thus makesC•(A,A⊗A�) a chain complex, whose homology
is the Hochschild homologyH•(A,A⊗A�). For the full story, see [155]. Notice that
if m = a ⊗ b�, then, by telescoping,

πD(b(x)) = (−1)n−1(ab� [D, a1] . . . [D, an−1]an − anab� [D, a1] . . . [D, an−1]
)
.

This Hochschild cycle c is the algebraic equivalent of a volume form on our non-
commutative manifold. To see that, let us look briefly at the commutative case, where
we may replace A⊗A� simply by A. A differential form in Ak(M) is a sum of terms
a0 da1 ∧ · · · ∧ dak , but in the noncommutative case the skewsymmetry of the wedge
product is lost, so we replace such a form with

c′ :=
∑
σ

(−1)σ a0 ⊗ aσ(1) ⊗ · · · ⊗ aσ(n) (3.6)

(sum over n-permutations) in A⊗(n+1) = Cn(A,A). Then bc′ = 0 by cancellation
since A is commutative; for instance:

b(a⊗a′⊗a′′−a⊗a′′⊗a′) = (aa′−a′a)⊗a′′−a⊗(a′a′′−a′′a′)+(a′′a−aa′′)⊗a′.
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In the case A = C∞(M), chains are represented by Clifford products: πD/ (a0 ⊗
a1 ⊗ · · · ⊗ an) = (−i)na0 γ (da1) . . . γ (dan). The Riemannian volume form on M
can be written as � = θ1 ∧ · · · ∧ θn where {θ1, . . . , θn} is an oriented orthonormal
basis of 1-forms. The cycle c corresponding to i"(n+1)/2#� is represented by πD/ (c) =
(−i)"n/2#γ (θ1) . . . γ (θn) = γ (χ), where χ is the chirality element – the physicists’
‘γ5’ – of the Clifford algebra [104, Sec. 5.1], represented by the grading operator on
spinors if n is even, and by 1 if n is odd.

3.6 Finiteness of the K-cycle

Axiom 5 (Finiteness). The space of smooth vectors H∞ := ⋂∞
k=1 Dom(Dk) is a

finitely generated projective left A-module with a Hermitian pairing (· | ·) given by∫
−(ξ | η) dsn := 〈η | ξ〉. (3.7)

The representation π : A → L(H) and the regularity axiom already make H∞ a
left A-module. The definition (1.1) of pairings for right A-modules is easily adapted to
the case of left A-modules, provided that the pairing is now linear in the first argument;
thus, for instance, (aξ | η) = a (ξ | η), so that the previous equation entails∫

− a (ξ | η) dsn = 〈η | aξ〉.

To see how this defines a Hermitian pairing implicitly, notice that if a ∈ A then
a dsn = a |D|−n is an infinitesimal of first order, so that the left hand side is defined
provided (ξ | η) ∈ A. As a finitely generated projective left A-module, H∞ � Amp

with p = p2 = p∗ in someMm(A). In the commutative case, Connes’s trace theorem
(see below) shows that (ξ | η) is just the hermitian product of spinors given by the
metric on the spinor bundle.

A point to notice is that∫
− a (ξ | η) dsn = 〈η | aξ〉 = 〈a∗η | ξ〉 =

∫
−(ξ | a∗η) dsn =

∫
−(ξ | η) a dsn,

so this axiom implies that
∫
( ·)|D|−n defines a finite trace on the algebra A. As shown

by Cipriani et al. [31, Prop. 1.6], the tracial property follows from the regularity axiom;
see also [104, Sec. 10.3].

The existence of a finite trace on A implies that the von Neumann algebra A′′
generated by A also has a finite normal trace, so it cannot have components of types
I∞, II∞ or III [121, Sec. 8.5]. The finiteness and regularity axioms entail [40] that
A = {

T ∈ A′′ : T ∈⋂∞
k=1 Dom(δk)

}
.



28 3 Real spectral striples: the axiomatic foundation

3.7 Poincaré duality and K-theory

Axiom 6 (Poincaré duality). The Fredholm index of the operatorD yields a nondegen-
erate intersection form on the K-theory ring of the algebra A⊗A�.

On a compact oriented n-dimensional manifold M , Poincaré duality is usually
formulated [65] as an isomorphism of cohomology (in degree k) with homology (in
degree n− k), or equivalently as a nondegenerate bilinear pairing on the cohomology
ring H •(M). (For noncompact manifolds, the pairing is between the ordinary and the
compactly supported cohomologies.) If α ∈ Ak(M) and η ∈ An−k(M) are closed
forms, integration overM pairs them by

(α, η) �→
∫
M

α ∧ η;

since the right hand side depends only on the cohomology classes ofα andβ (it vanishes
if either α or β is exact), it gives a bilinear mapHk(M)×Hn−k(M)→ C. Now each
Ak(M) carries a scalar product (· | ·) induced by the metric and orientation onM , given
by

α ∧ �β =: εk (α | β)� for α, β ∈ Ak(M),

where εk = ±1 or ±i and � is the volume form on M: compare (2.14). This pairing
is nondegenerate since∫

M

α ∧ (ε−1
k �α) =

∫
M

(α | α)� > 0 for α �= 0.

In view of the isomorphism between K•(M) ⊗Z Q and H •(M,Q) given by the
Chern character, one could hope to reformulate this as a canonical pairing on the K-
theory ring. This can be done ifM is a spinc manifold; the role of the orientation [�] in
cohomology is replaced by the K-orientation, so that the corresponding pairing of K-
rings is mediated by the Dirac operator: see [37, IV.1.γ ] or [34] for a discussion of how
this pairing arises. We leave aside the translation fromK-theory to cohomology (by no
means a short story) and explain briefly how the intersection form may be computed
in the K-context.

K-theory of algebras. There are two abelian groups, K0(A) and K1(A), associated
to a Fréchet pre-C∗-algebra A, as follows [15], [189], [221]. The groupK0(A) gives a
rough classification of finitely generated projective modules over A. IfM∞(C) is the
algebra of compact operators of finite rank, thenM∞(A) = A⊗M∞(C) is a dense ∗-

subalgebra ofA⊗K . Two projectors inM∞(A)have a direct sump⊕q =
(
p 0
0 q

)
. Two

such projectors p and q are equivalent if p = v∗v and q = vv∗ for some v ∈ M∞(A).
Adding the equivalence classes by [p] + [q] := [p ⊕ q], we get a semigroup, and
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one can always construct a corresponding group of formal differences [p] − [q]: this
is K0(A).

The other group K1(A) is generated by classes of unitary matrices over A. We
nest the unitary groups of various sizes by identifying u ∈ Um(A) with u ⊕ 1k ∈
Um+k(A), and callu, v equivalent if there is a continuous path fromu to v inU∞(A) :=⋃
m≥1 Um(A). The groupK1(A) consists of the equivalence classes ofU∞(A+) under

this relation. It turns out that [uv] = [u⊕v] = [v⊕u] = [vu], so thatK1(A) is abelian.
This is the standard definition of K1 for a C∗-algebra A [189]; to define it thus for a
pre-C∗-algebra A one needs some arguments from homotopy theory that require A to
be also Fréchet [15]. (What we have defined here is a ‘topological’K-theory: there is
a somewhat different ‘algebraic’K-theory, defined for wider classes of algebras. The
K0-groups in both theories coincide, but the K1-groups generally do not. See [17],
[190] for the algebraic K-theory.)

Both groups are homotopy invariant: if {pt : 0 ≤ t ≤ 1} is a homotopy of projectors
inM∞(A) and if {ut : 0 ≤ t ≤ 1} is a homotopy inU∞(A), then [p0] = [p1] inK0(A)
and [u0] = [u1] in K1(A). In the commutative case, we get Kj(C∞(M)) = Kj(M)
for j = 0, 1.

When A is represented on a Z2-graded Hilbert space H = H+ ⊕H−, any odd
selfadjoint Fredholm operator D on H defines an index map φD : K0(A) → Z, as
follows. Denote by a �→ a+ ⊕ a− the representation of Mm(A) on H+

m ⊕ H−
m =

Hm = H ⊕ · · · ⊕ H (m times); write Dm := D ⊕ · · · ⊕ D, acting on Hm. Then
p−Dmp+ is a Fredholm operator from H+m to H−

m , whose index depends only on the
class [p] in K0(A). We define

φD
([p]) := index(p−Dmp+).

On the other hand, when A is represented on an ungraded Hilbert space H , a selfadjoint
Fredholm operator D on H defines an index map φD : K1(A) → Z. Let H>

m be the
range of the spectral projector P>m = P(0,∞) determined by the positive part of the
spectrum ofDm. Then if u ∈ Um(A), P>m uP>m is a Fredholm operator on H>

m , whose
index depends only on the class [u] in K1(A). We define

φD
([u]) := index(P>m uP

>
m ).

One can work withK0 alone since there is a natural ‘suspension’ isomorphism between
K1(A) and K0(A⊗ C0(R)) for any C∗-algebra A [189, Thm. 10.1.3].

The intersection form. Coming back now to the spectral triple under discussion, we
define a pairing on K•(A) = K0(A)⊕K1(A) as follows. The commuting represen-
tations π , π� determine a representation of the algebra A⊗A� on H by

a ⊗ b� �−→ aJb∗J † = Jb∗J †a.
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If [p], [q] ∈ K0(A), then [p ⊗ q�] ∈ K0(A⊗A�). The intersection form for D is〈[p], [q]〉 := φD([p ⊗ q�]).
Combined with the suspension isomorphism, we get three other pairing maps
Ki(A)×Kj(A�)→ Ki+j (A⊗A�)→ Z, where the second arrow is φD .

Poincaré duality is the assertion that this pairing on K•(A) is nondegenerate. For
the case of the finite-dimensional algebra A = C⊕H⊕M3(C) that acts on the space of
fermions of the Standard Model [192], the intersection form has been computed in [39];
see also [159, Sec. 6.2]. For more general finite-dimensional algebras, see [136], [165]:
in that context, Poincaré duality is used to rule out several plausible alternatives to the
Standard Model.

3.8 The real structure

Axiom 7 (Reality). There is an antilinear isometry J : H → H such that the repre-
sentation π�(b) := Jπ(b∗)J † commutes with π(A) and satisfies

J 2 = ±1, JD = ±DJ, J� = ±�J, (3.8)

where the signs are given by the following tables:

n even:

n mod 8 0 2 4 6

J 2 = ±1 + − − +
JD = ±DJ + + + +
J� = ±�J + − + −

n odd:

n mod 8 1 3 5 7

J 2 = ±1 + − − +
JD = ±DJ − + − +

These tables, with their periodicity in steps of 8, arise from the structure of real
Clifford algebra representations that underlie realK-theory. See [4], [149] for the alge-
braic foundation of this real Bott periodicity. In the commutative case of Riemannian
spin manifolds, the charge conjugation operator J on spinors satisfies the foregoing
sign rules. Thus, for instance, J 2 = −1 for Dirac spinors over 4-dimensional spaces
with Euclidean signature. Notice also that the signs for dimension 2 are those we have
used in the example of the Riemann sphere. A detailed construction of this sign table
is given in [104, Sec. 9.5].

The Tomita involution. We should explain where the antilinear operator J comes
from, in the noncommutative case. The bicommutant A′′ of the involutive algebra A,
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or more precisely of π(A), is a weakly closed algebra of operators on H , i.e., a
von Neumann algebra. Let us assume that H contains a cyclic and separating vector ξ0
for A′′, that is, a vector such that (i) A′′ξ0 is a dense subspace of H (cyclicity) and
(ii) aξ0 = 0 in H only if a = 0 in A′′ (separation). A basic result of operator
algebras, Tomita’s theorem [121], [207], says that the antilinear mapping aξ0 �→ a∗ξ0
extends to a closed antilinear operator S on H , whose polar decomposition S = J�1/2

determines an antiunitary operator J : H → H with J 2 = 1 such that a �→ Ja∗J †

is an isomorphism from A′′ onto its commutant A′. (Since these commuting operator
algebras are isomorphic, the space H can be neither too small nor too large; this is
what the cyclic and separating vector ensures.)

When the state of A′′ given by a �→ 〈ξ0 | aξ0〉 is a trace, the operator � = S∗S is
just 1, and so the mapping S is J itself. From (3.7), the trace

∫
( ·) |D|−n on A gives

rise to a tracial vector state on A′′. Thus the Tomita theorem already provides us with
an antiunitary operator J satisfying [a, Jb∗J †] = 0; we shall see in Chapter 4 how to
modify it to obtain J 2 = −1 when that is required.

We sum up our discussion with the basic definition.

Definition 7. A noncommutative spin geometry is a real spectral triple (A,H ,D;�, J )
or (A,H ,D; J ), according as its dimension is even or odd, that satisfies the seven
axioms set out above.

Riemannian spin manifolds provide the commutative examples. It is not hard to
manufacture noncommutative examples with finite-dimensional matrix algebras [136],
[165]; these are zero-dimensional geometries in the sense of Axiom 1. In the next
chapter we study a more elaborate noncommutative example which, like the Riemann
sphere, has dimension two.
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Geometries on the noncommutative torus

We turn now to an algebra that is not commutative, in order to see how the algebraic
formulation of spin geometries allows us to go beyond Riemannian spin manifolds.
Moving from commutative to noncommutative algebras is the mathematical point of
departure for quantum mechanics. As was already made clear by von Neumann in
his 1931 study of the canonical commutation relations [163], the Schrödinger rep-
resentation arises by replacing convolution of functions of two real variables by a
noncommutative ‘twisted convolution’ [126]. This was reinterpreted by Moyal [162]
as a variant of the ordinary product of functions on phase space, related to Weyl’s
method of quantization.

We begin, then, with Weyl quantization. We wish to quantize a compact phase
space, since our formalism so far relies heavily on compactness, e.g., by demanding
that the length element ds = |D|−1 be a compact operator. The Riemann sphere would
seem to be a good candidate, since several studies exist of its quantization both in the
Moyal framework [214] and from the noncommutative geometry point of view [105],
[157], [174]. However, these involve an approximating sequence of algebras rather a
single algebra and so do not define a solitary spectral triple.

We turn instead to the torus T2 (with the flat metric). Via the Gelfand cofunctor, this
is determined by an algebra of doubly periodic functions on R2 (or on C). If ω1, ω2 are
the periods, with ratio τ := ω2/ω1 in the upper half plane C+, one identifies T2 with
the quotient space C/(Zω1+Zω2). These ‘complex tori’are homeomorphic but are not
equivalent as complex manifolds. In fact, if one chooses to study these tori through the
algebras of meromorphic functions with the required double periodicity, the resulting
elliptic curvesEτ are classified by the orbit of τ under the action τ �→ (aτ+b)/(cτ+d)
of the modular group PSL(2,Z) on C+.

4.1 Algebras of Weyl operators

Our starting point is the canonical commutation relations of quantum mechanics on a
one-dimensional configuration space R. In Weyl form [63], [77], these are represented
by a family of unitary operators on L2(R):

Wθ(a, b)ψ : t �−→ e−πiθab e2πiθbt ψ(t − a) for a, b ∈ R. (4.1)

Here θ is a nonzero real parameter; the reader is invited to think of θ as 1/h̄, the
reciprocal of the Planck constant. The linear space generated by {Wθ(a, b) : a, b ∈ R}
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is an involutive algebra, wherein

[Wθ(a, b),Wθ(c, d)] = −2i sin
(
πθ(ad − bc))Wθ(a + c, b + d),

so thatWθ(a, b) andWθ(c, d) commute if and only if

θ(ad − bc) ∈ Z. (4.2)

Moreover, the unitary operators Uθ := Wθ(1, 0) and Vθ := Wθ(0, 1) obey the com-
mutation relation

VθUθ = e2πiθ UθVθ .

The full set of operators {Wθ(a, b) : a, b ∈ R} acts irreducibly on L2(R), but
by restricting to integral parameters we get reducible actions. We examine first the
von Neumann algebra

Nθ := {Wθ(m, n) : m, n ∈ Z}′′,
whose commutant can be shown to be N ′

θ := {Wθ(r/θ, s/θ) : r, s ∈ Z}′′ [180]. The
change of scale given by (Rθψ)(t) := θ−1/2ψ(t/θ) transforms these operators to

Rθ Wθ(r/θ, s/θ) R
−1
θ = W1/θ (r, s),

from which we conclude that N ′
θ � N1/θ .

The centre Z(Nθ ) = Nθ ∩N ′
θ depends sensitively on the value of θ . Suppose θ is

rational, θ = p/q where p, q are integers with gcd(p, q) = 1. Then

Z(Np/q) = {Wp/q(qm, qn) : m, n ∈ Z}′′.
This commutative von Neumann algebra is generated by the translation ψ(t) �→
ψ(t − q) and the multiplication ψ(t) �→ e2πipt ψ(t), and can be identified to the
multiplication operators on periodic functions (of period q); thus Z(Np/q) � L∞(S1).

On the other hand, if θ is irrational, then Nθ is a factor, i.e., it has trivial centre
Z(Nθ ) = C 1.

If we try to apply the Tomita theory at this stage, we get an unpleasant surprise [77]:
Nθ has a cyclic vector iff |θ | ≤ 1, whereas it has a separating vector iff |θ | ≥ 1. This
tells us that (if θ �= ±1) the space L2(R) is not the right Hilbert space, and we should
represent the algebra generated by theWθ(m, n) somewhere else.

To find the good Hilbert space, we must first observe that there is a faithful normal
trace on Nθ determined by

τ0(Wθ(m, n)) :=
{

1, if (m, n) = (0, 0),
0, otherwise.

The GNS Hilbert space associated to this trace is what we need. Before constructing
it, notice that, for θ irrational, Nθ is a factor with a finite normal trace; and it turns out
that its relative dimension function [37, V.1.γ ] has range [0, 1], so that Nθ is a factor
of type II1 in the Murray–von Neumann classification.
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4.2 The algebra of the noncommutative torus

We leave the ‘measure-theoretic’ level of von Neumann algebras and focus on the pre-
C∗-algebra Aθ generated by the operatorsWθ(m, n). It is better to start afresh with a
more abstract approach. We redefine Aθ as follows.

Definition 8. For a fixed real number θ , let Aθ be the unital C∗-algebra generated by
two elements u, v subject only to the relations uu∗ = u∗u = 1, vv∗ = v∗v = 1, and

vu = λ uv where λ := e2πiθ . (4.3)

Let S(Z2) denote the double sequences a = {ars} that are rapidly decreasing in the
sense that

pk(a)
2 = sup

r,s∈Z

(1+ r2 + s2)k |ars |2 <∞ for all k ∈ N.

The noncommutative torus algebra Aθ is defined as

Aθ :=
{
a =∑

r,s ars u
rvs : a ∈ S(Z2)

}
. (4.4)

With the topology given by the seminorms pk , Aθ is a Fréchet pre-C∗-algebra that is
dense in Aθ .

The product and involution in Aθ are computable from (4.3):

ab =∑
r,s ar−n,m λmn bn,s−m urvs, a∗ =∑

r,s λ
rs a−r,−s urvs. (4.5)

The Weyl operators Uθ , Vθ are unitary and obey (4.3); thus they generate a faithful
concrete representation of this pre-C∗-algebra. On the other hand, the relation (4.3)
alone generates the algebra Cλ[u, v] known as the Manin q-plane [125] for q = λ ∈ T.
Here we also require unitarity of the generators, so that Aθ is (a completion of) a
quotient algebra of this q-plane.

There is another representation of Aθ on L2(T): the multiplication operator U
and the rotation operator V , given by (Uψ)(z) := zψ(z) and (V ψ)(z) := ψ(λz),
satisfy (4.3). Here, U generates the C∗-algebra C(T) and conjugation by V gives an
automorphism α of C(T). Under such circumstances, the C∗-algebra generated by
C(T) and the unitary operator V is called the crossed product of C(T) by α (or rather,
by the automorphism group {αn : n ∈ Z}). In symbols,

Aθ � C(T)�α Z.

If θ is irrational, the corresponding action by the rotation angle 2πθ on the circle is
ergodic and minimal (all orbits are dense); it is known [173] that the C∗-algebra Aθ is
therefore simple.
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One advantage of using the abstract presentation by (4.3) and (4.4) to define the
algebras Aθ is that certain isomorphisms become evident. First of all, Aθ � Aθ+n for
any n ∈ Z, since λ is the same for both. (Note, however, that their representations by
Weyl operators, while equivalent, are not identical: indeed, Vθ+n = e2πintVθ . Hence
the von Neumann algebras Nθ and Nθ+n do not coincide.)

Next, Aθ � A−θ via the isomorphism determined by u �→ v, v �→ u. There are
no more isomorphisms among the Aθ , however: by computing theK0-groups of these
algebras, Rieffel [179] showed that the ordered abelian group Z+Zθ is an isomorphism
invariant of the C∗-algebra Aθ .

Some automorphisms of Aθ are also easy to find. The map u �→ u−1, v �→ v−1 is
one such. More generally, if a, b, c, d ∈ Z, then

σ(u) := uavb, σ (v) := ucvd (4.6)

yields σ(v)σ (u) = λad−bcσ (u)σ (v), so this map extends to an automorphism of Aθ

if and only if ad − bc = 1, when θ is irrational.
When θ = 0, we can identify u, v with multiplications by z1 = e2πiφ1 , z2 = e2πiφ2

on T2, so that A0 = C∞(T2). The presentation a =∑
r,s ars u

rvs is the expansion of
a smooth function on the torus in a Fourier series:

a(φ1, φ2) =
∑
r,s∈Z

ars e
2πi(rφ1+sφ2),

and (4.6) gives the hyperbolic automorphisms of the torus. For other rational values
θ = p/q (withp ∈ Z, q ∈ N having no common factor), it turns out thatAp/q isMorita-
equivalent to C∞(T2); for an explicit construction of the equivalence bimodules, we
remit to [182]. Indeed, Ap/q is the algebra of smooth sections of a certain bundle of
q × q matrices over T2, and its centre is isomorphic to C∞(T2). The algebras Ap/q ,
for 0 ≤ p/q < 1

2 , are mutually non-isomorphic.

The normalized trace. The restriction of the faithful normal trace on Nθ is a faithful
trace on Aθ [173]; it is the linear functional τ : Aθ → C given by

τ(a) := a00.

Notice that τ(a∗a) = ∑
r,s |ars |2 > 0 for a �= 0; it satisfies τ(1) = 1 and is a trace,

since τ(ab) = τ(ba) from (4.5). When θ is irrational, this normalized trace on Aθ is
unique.

The Weyl operators (4.1) allow us to quantize A0 in such a way that a(φ1, φ2)

is the symbol of the operator a ∈ Aθ . Then it can be proved [63, Thm. 3] that
τ(a) = ∫

T2 a(φ1, φ2) dφ1 dφ2, so that τ is just the integral of the classical symbol.
The GNS representation space H0 = L2(Aθ , τ ) may be described as the comple-

tion of the vector space Aθ in the Hilbert norm

‖a‖2 :=
√
τ(a∗a).
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Since τ is faithful, the obvious map Aθ → H0 is injective; to keep the bookkeeping
straight, we shall denote by a the image in H0 of a ∈ Aθ .

The GNS representation of Aθ is just π0(a) : b �→ ab. Notice that the vector 1 is
obviously cyclic and separating, so the Tomita involution is given by

J0(a) := a∗.
The commuting representation π�0 is then given by right multiplication:

π�0(a) b := J0π0(a
∗)J †

0 b = J0 a
∗b∗ = ba.

To build a two-dimensional geometry, we need a Z2-graded Hilbert space carrying
an antilinear involution J that anticommutes with the grading and satisfies J 2 = −1.
There is a simple device that solves all of these requirements: we simply double the
GNS Hilbert space by taking H := H0 ⊕H0 and define

J :=
(

0 −J0
J0 0

)
.

It remains to introduce the operator D. Before doing so, we make a brief excursion
into two-dimensional topology.

4.3 The skeleton of the noncommutative torus

An ordinary 2-torus may be built up from the following data: (i) a single point; (ii) two
lines, adjoined at their ends to the point to make a pair of circles; and (iii) a plane sheet,
attached along its borders to the two circles. Thus, the torus has a ‘cell decomposition’
into a 0-cell, two 1-cells and a 2-cell.

In more technical language, these cells form the skeleton of the torus, and are
represented by independent homology classes: one inH0(T

2), two inH1(T
2) and one

in H2(T
2). The Euler characteristic of the torus is then computed as 1− 2+ 1 = 0.

Guided by the Gelfand cofunctor, homology of spaces is replaced by cohomology
of algebras; thus the skeleton of the noncommutative torus will consist of a 0-cocycle,
two 1-cocycles and a 2-cocycle on the algebra Aθ . The appropriate theory for that is
cyclic cohomology [17], [34], [37], [57]. It is a topological theory insofar as it depends
only on the algebra Aθ and not on the geometries determined by its K-cycles.

Definition 9. A cyclic n-cochain over an algebra A is an (n + 1)-linear form
φ : An+1 → C that satisfies the cyclicity condition

φ(a0, . . . , an−1, an) = (−1)nφ(an, a0, . . . , an−1).
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It is a cyclic n-cocycle if bφ = 0, with the coboundary operator b defined by

bφ(a0, . . . , an+1) :=
n∑
j=0

(−1)jφ(a0, . . . , aj aj+1, . . . , an+1)

+ (−1)n+1φ(an+1a0, a1, . . . , an).

One checks that b2 = 0, so that the cyclic cochains form a complex whose n-th cyclic
cohomology group is denoted HCn(A).

The normalized trace τ is a cyclic 0-cocycle on Aθ , since

bτ(a, b) := τ(ab)− τ(ba) = 0.

In fact, a cyclic 0-cocycle is clearly the same thing as a trace. The uniqueness of the
normalized trace shows that HC0(Aθ ) = C[τ ] for irrational θ .

The two basic derivations. The partial derivatives ∂/∂φ1, ∂/∂φ2 on the algebra of
Fourier series A0 = C∞(T2) can be rewritten as

δ1(ars u
rvs) := 2πir ars u

rvs,

δ2(ars u
rvs) := 2πis ars u

rvs.
(4.7)

These formulas also make sense on Aθ , and define derivations δ1, δ2, i.e.,

δj (ab) = (δj a) b + a (δjb), j = 1, 2.

They are symmetric, i.e., (δj a)∗ = δj (a∗). Each δj extends to an unbounded operator
onAθ whose smooth domain is exactly Aθ . Notice that τ(δ1a) = τ(δ2a) = 0 for all a.

The two cyclic 1-cocycles we need are then given by:

ψ1(a, b) := τ(a δ1b), ψ2(a, b) := τ(a δ2b).
These are cocycles because δ1, δ2 are derivations:

bψj (a, b, c) = τ(ab δj c − a δj (bc)+ a (δjb)c) = 0.

It turns out [34] that HC1(Aθ ) = C[ψ1] ⊕ C[ψ2].
Next, there is a 2-cocycle obtained by promoting the trace τ to a cyclic trilinear

form:
Sτ(a, b, c) := τ(abc).

In fact, one can always promote a cyclic m-cocycle on an algebra to a cyclic (m+ 2)-
cocycle by the periodicity operator S of Connes [37, III.1.β]. For instance, form = 1
we get

Sψj (a, b, c, d) := ψj(abc, d)− ψj(ab, cd)+ ψj(a, bcd).
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However, there is another cyclic 2-cocycle that is not in the range of S:

φ(a, b, c) := 1

2πi
τ(a δ1b δ2c − a δ2b δ1c). (4.8)

Its cyclicity φ(a, b, c) = φ(c, a, b) and the condition bφ = 0 are easily verified. It
turns out that HC2(Aθ ) = C[Sτ ] ⊕ C[φ].

Form ≥ 3, the cohomology groups are stable under repeated application of S, i.e.,
HCm(Aθ ) = S(HCm−2(Aθ )) � C⊕ C. The inductive limit of these groups yields a
Z2-graded ring HP 0(Aθ )⊕HP 1(Aθ ) called periodic cyclic cohomology, with HP 0

generated by [τ ] and [φ], while HP 1 is generated by [ψ1] and [ψ2]. (This ring is the
range of the Chern character in noncommutative topology: for that, we refer to [17],
[57] or to [37, III].) In this way, the four cyclic cocycles defined above yield a complete
description, in algebraic terms, of the homological structure of the noncommutative
torus.

The cocycle (4.8) plays an important rôle in the theory of the integer quantum
Hall effect [37, IV.6.γ ]: for a comprehensive review, see Bellissard et al. [9]. In
essence, the Brillouin zone T2 of a periodic two-dimensional crystal may be replaced
in the nonperiodic case by a noncommutative Brillouin zone that is none other than
the algebra Aθ (where θ is a magnetic flux in units of h/e). Provided that a certain
parameter μ (the Fermi level) lies in a gap of the spectrum of the Hamiltonian, with
corresponding spectral projector Eμ ∈ Aθ , the Hall conductivity is given by the Kubo
formula: σH = (e2/h) φ(Eμ,Eμ,Eμ). Here φ(Eμ,Eμ,Eμ) =

〈[φ], [Eμ]〉, where
the latter is an integer-valued pairing ofHP 0(Aθ ) withK0(Aθ ), so σH is predicted to
be an integral multiple of e2/h.

4.4 A family of spin geometries on the torus

We search now for suitable operators D so that (Aθ ,H ,D;�, J ) is a 2-dimensional
spin geometry. Here � is the Z2-grading operator on H = H+⊕H− where H+, H−
are two copies of L2(Aθ , τ ). The known operators on H are

� =
(

1 0
0 −1

)
, π(a) =

(
π0(a) 0

0 π0(a)

)
, J =

(
0 −J0
J0 0

)
.

In order that D be selfadjoint and anticommute with �, it must be of the form

D = −i
(

0 −∂†

∂ 0

)
,

for a suitable closed operator ∂ on L2(Aθ , τ ).
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The first-order axiom demands that [D,π(a)] commute with each
π�(b) = Jπ(b∗)J †, so that [D,π(a)] ∈ (π�(Aθ ))

′ = M2(π0(Aθ )
′′), by Tomita’s

theorem. The regularity axiom and the finiteness property now show that

[D,π(a)] ∈ M2(π0(Aθ )
′′) ∩

∞⋂
k=1

Dom(δk) = M2(π0(Aθ )).

Since [D,π(a)] anticommutes with �, we get (suppressing the π0 notation):

[D,π(a)] = −i
(

0 −[∂†, a]
[∂, a] 0

)
= −i

(
0 −∂∗a
∂a 0

)
where ∂ , ∂∗ are linear maps of Aθ into itself. Let us assume also that ∂(1) = ∂†(1) = 0.
It follows that ∂(b) = [∂, b](1) = ∂b, and that

τ((∂a)∗ b) = 〈∂ a | b〉 = 〈a | ∂† b〉 = τ(a∗ ∂∗b). (4.9)

Since [D,π(ab)] = [D,π(a)]π(b)+ π(a) [D,π(b)], the maps ∂ , ∂∗ are derivations
of Aθ . Then ∂(1) = 0 and (4.9) show that τ � ∂∗ = 0, so

τ(b (∂a)∗) = τ((∂∗b) a∗) = −τ(b ∂∗a∗),
and therefore (∂a)∗ = −∂∗a∗.

The reality condition JDJ † = D is equivalent to requiring that J0 ∂ J0 = −∂† on
H0 = L2(Aθ , τ ). Since

[J0 ∂ J0, a
∗] = (∂a)∗ = −∂∗a∗ = −[∂†, a∗],

the operator J0 ∂ J0 + ∂† commutes with π0(Aθ )
′′ and kills the cyclic vector 1, so it

vanishes identically.

The derivation ∂τ . For concreteness, we take ∂ to be a linear combination of the
basic derivations δ1, δ2 of (4.7). (This is actually the most general form of ∂ when θ is
irrational, outside a nullset of exceptional values [16].) Apart from a scale factor, such
a derivation is

∂ = ∂τ := δ1 + τδ2 with τ ∈ C. (4.10)

(We shall soon see that real values of τ must be excluded.) Also, since we could
replace ∂τ by τ−1∂τ = δ2+ τ−1δ1, we may assume that $τ > 0. It follows from (4.9)
that ∂∗τ = −δ1 − τ̄ δ2.

To verify that this putative spin geometry is 2-dimensional, we must check that
|Dτ |−1 is an infinitesimal of order 1

2 . Notice that D2
τ = ∂†

τ ∂τ ⊕ ∂τ ∂†
τ and that the

vectors umvn form an orthonormal basis of eigenvectors for both ∂†
τ ∂τ and ∂τ ∂

†
τ . In

fact,

∂∗τ ∂τ (umvn) = ∂τ ∂∗τ (umvn) = −(δ1 + τδ2)(δ1 + τ̄ δ2)(umvn)
= 4π2|m+ nτ |2 umvn.
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ThusD−2
τ has a discrete spectrum of eigenvalues (4π2)−1|m+nτ |−2, each with multi-

plicity 2, and hence is a compact operator. Now the Eisenstein series

G2k(τ ) :=
∑′

m,n

1

(m+ nτ)2k ,

with primed summation ranging over integer pairs (m, n) �= (0, 0), converges
absolutely for k > 1 and only conditionally for k = 1. We shall see below that∑′

m,n |m+nτ |−2 in fact diverges logarithmically, thereby establishing the two-dimen-
sionality of the geometry.

The orientation cycle. In terms of the generators u = e2πiφ1 , v = e2πiφ2 of A0,
the volume form on the torus T2 is dφ1 ∧ dφ2 = (2πi)−2u−1v−1 du ∧ dv, with the
corresponding Hochschild cycle:

(2πi)−2(v−1u−1 ⊗ u⊗ v − u−1v−1 ⊗ v ⊗ u). (4.11)

This formula still defines a Hochschild 2-cycle over any Aθ . More generally, if

c := m⊗ u⊗ v − n⊗ v ⊗ u ∈ C2(Aθ ,Aθ ⊗A�
θ ),

then

bc = (mu⊗ v −m⊗ uv + vm⊗ u)− (nv ⊗ u− n⊗ vu+ un⊗ v),
so that c is a 2-cycle if and only if mu = un, vm = nv and m = λn in Aθ ⊗A�

θ . For
instance, since Aθ � Aθ ⊗1� ⊂ Aθ ⊗A�

θ , we can takem = αv−1u−1, n = αu−1v−1

with a suitable constant α ∈ C.
The representative πD(c) on H satisfies

α−1 πD(c) = π(v−1u−1) [Dτ , π(u)] [Dτ , π(v)] − π(u−1v−1) [Dτ , π(v)] [Dτ , π(u)]
=
(
v−1u−1 ∂∗τ u ∂τ v − u−1v−1 ∂∗τ v ∂τu 0

0 v−1u−1 ∂τu ∂
∗
τ v − u−1v−1 ∂τ v ∂

∗
τ u

)
.

Since

∂τu = 2πiu, ∂∗τ u = −2πiu, ∂τ v = 2πiτv, ∂∗τ v = −2πiτ̄v,

this reduces to

πD(c) = 4π2α

(
τ − τ̄ 0

0 τ̄ − τ
)
= 4π2α(τ − τ̄ ) �.

Thus the orientation cycle is given by

c := 1

4π2(τ − τ̄ ) (v
−1u−1 ⊗ u⊗ v − u−1v−1 ⊗ v ⊗ u). (4.12)
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This makes sense only if τ − τ̄ �= 0, i.e., τ /∈ R, which explains why we chose $τ > 0.
Thus ($τ)−1 is a scale factor in the metric determined by Dτ . There is a minor
difference with the commutative volume form (4.11): since v−1u−1 = λ u−1v−1,
there is also a phase factor λ = e2πiθ in the orientation cycle.

The area of the noncommutative torus. To determine the total area, we compute
the coefficient of logarithmic divergence of the series given by sp(D−2

τ ). Partially
summing over lattice points with m2 + n2 ≤ R2, we get, with τ = s + it :∫

− D−2
τ = 2

4π2 lim
R→∞

1

2 logR

∑′

m2+n2≤R2

1

|m+ nτ |2

= 1

4π2 lim
R→∞

1

logR

∫ R

1

r dr

r2

∫ π

−π
dθ

(cos θ + s sin θ)2 + t2 sin2 θ

= 1

4π2

∫ π

−π
dθ

(cos θ + s sin θ)2 + t2 sin2 θ

= 1

4π2

(2π

t

)
= i

π(τ − τ̄ ) ,

after an unpleasant contour integration. The area is then 2π
∫
D−2 = 1/$τ . This area

is inversely proportional to the area of the period parallelogram of the elliptic curveEτ
with periods {1, τ }.

A second method of computing the area relies on the existence of a Chern character
homomorphism from K-homology to cyclic cohomology: see [37, IV.1] and [57].
The general theory suggests that the area will be given by pairing the orientation
class [c] ∈ H2(Aθ ,Aθ ⊗ A�

θ ) with a class [φ] ∈ HC2(Aθ ), where φ is the cyclic
cocycle (4.8) that represents the highest level of the skeleton of the torus. This is the
image under the Gelfand cofunctor of the familiar process of integrating the volume
form over the fundamental cycle of the manifold. At the level of cocycles and cycles,
the pairing is defined by 〈φ, a0 ⊗ a1 ⊗ a2〉 := φ(a0, a1, a2). Thus

〈φ, c〉 = 1

4π2(τ − τ̄ )
(
φ(v−1u−1, u, v)− φ(u−1v−1, v, u)

)
= (2πi)−1

4π2(τ − τ̄ ) τ
(
v−1u−1(δ1u δ2v − δ2u δ1v)− u−1v−1(δ1v δ2u− δ2v δ1u)

)
= 2πi

4π2(τ − τ̄ ) τ (v
−1u−1uv + u−1v−1vu) = i

π(τ − τ̄ ) =
∫
− D−2

τ .

The spin geometry (Aθ ,H ,Dτ ;�, J ) thus depends on two parameters θ and τ , up
to some equivalences that we shall explore in Chapter 7. We may denote it by T2

θ,τ ,
regarding it as the noncommutative space T2

θ gifted with the metric conferred by the
Dirac operator Dτ .
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K-theory and Poincaré duality. The noncommutative torus provides an example of
a pre-C∗-algebra, which is neither commutative nor approximately finite but has an
interesting and computable K-theory [179]. The classes of the unitaries u and v in
K1(Aθ ) = K1(Aθ ) can be paired with the classes of ψ1 and ψ2 in HC1(Aθ ); on
setting 〈ψ,w〉 := (2πi)−1 ψ(w−1, w), we obtain

〈ψ1, u〉 = 1, 〈ψ1, v〉 = 0, 〈ψ2, u〉 = 0, 〈ψ2, u〉 = 1.

It turns out [73] that [u] and [v] are generators, so that K1(Aθ ) = Z[u] ⊕ Z[v].
To determine K0(Aθ ), we seek projectors in Mk(Aθ ) which are not equivalent to

e := 1 ⊕ 0k−1. When θ is irrational, such projectors may be found in Aθ itself: the
Powers–Rieffel projector p ∈ Aθ has the characteristic property that τ(p) = θ . Given
this projector, the map m[e] + n[p] �→ mτ(e) + nτ(p) = m + nθ defines a map
from K0(Aθ ) to Z + Zθ which, by a theorem of Pimsner and Voiculescu [170], is an
isomorphism of ordered groups.

This p is constructed as follows. Write elements of Aθ as a = ∑
s fsv

s , where
fs =∑

r arsu
r is a Fourier series expansion of fs(t) =∑

r arse
2πirt in C∞(T). Now

we look for p of the form p = gv + f + hv−1. Since p∗ = p, the function f is
real and h(t) = g(t + θ). Assuming 1

2 < θ < 1, as we may, we choose f to be
a smooth increasing function on [0, 1 − θ ], define f (t) := 1 if t ∈ [1 − θ, θ ], and
f (t) := 1− f (t − θ) if t ∈ [θ, 1]; then let g be the smooth bump function supported
in [θ, 1] given by g(t) := √

f (t)− f (t)2 for θ ≤ t ≤ 1. One checks that these
conditions guarantee p2 = p (look at the coefficients of v2, v and 1 in the expansion
of p2). Moreover,

τ(p) = a00 =
∫ 1

0
f (t) dt =

∫ 1−θ

0
f (t) dt + (2θ − 1)+

∫ 1

θ

f (t) dt = θ.

The existence of such projectors shows that the topology of the noncommutative torus
is very disconnected, in contrast to the ordinary torus A0 = C∞(T2), whose only
projectors are 0 and 1.

The torus algebra C∞(T2) has the sameK-groups: Kj(A0) = Z⊕Z for j = 1, 2.
This algebra has no Powers–Rieffel projector: the second generator of K0(A0) is
obtained by pulling back the Bott projector from K0(C

∞(S2)).
Thus, K•(Aθ ) has four generators: [e], [p], [u] and [v]. The intersection form

is skewsymmetric (this is typical of dimension two) and the nonzero pairings of the
generators are [40]:〈[e], [p]〉 = −〈[p], [e]〉 = 1,

〈[u], [v]〉 = −〈[v], [u]〉 = 1.

The matrix of the form is a direct sum of two
(

0 −1
1 0

)
blocks, so it is nondegenerate,

and Poincaré duality holds.



5

The noncommutative integral

One of the striking features of noncommutative geometry is how it ties together many
mathematical and physical approaches in a single unifying theme. So far, our discus-
sion of its mathematical underpinnings has been quite ‘soft’, emphasizing the algebraic
character of the overall picture. However, when we examine more closely the interpre-
tation of differential and integral calculus, we see that the theory requires a considerable
amount of analysis, of a fairly delicate nature. In this chapter we consider how best to
define the noncommutative integral and relate it to conventional integration on mani-
folds.

In the course of the initial development of noncommutative geometry, integration
came first, beginning with Segal’s early work with traces on operator algebras [197]
and continuing with Connes’ work on foliations [33]. The introduction of universal
graded differential algebras [34] shifted the emphasis to differential calculus based on
derivations, which formed the backdrop for the first applications to particle physics [50],
[71]. The pendulum later swung back to integral methods, due to the realization [26],
[40], [80], [116] that the Yang–Mills functionals could be obtained in this way. The
primary tool for that is the noncommutative integral.

5.1 The Dixmier trace on infinitesimals

Early attempts at noncommutative integration [197] used the ordinary trace of Hilbert-
space operators as an ersatz integral, where traceclass operators play the role of inte-
grable functions. For example, in Moyal quantization one computes expectation values
by Tr(AB) = ∫

WAWB dμ, where WA, WB are Wigner functions of operators A, B
andμ is the normalized Liouville measure on phase space [23]. However, for noncom-
mutative geometry one needs an integral that suppresses infinitesimals of order higher
than 1, but the ordinary trace diverges for positive first-order infinitesimals, since

Tr |T | =
∞∑
k=0

μk(T ) = lim
n→∞ σn(T ) = ∞ if σn(T ) = O(log n).

Dixmier [66] found other (non-normal) tracial functionals on compact operators that
are more suitable for our purposes: they are finite on first order infinitesimals and
vanish on those of higher order. To find them, we must look more closely at the fine
structure of infinitesimal operators; our treatment follows [52, Appendix A]: see also
[104, Sec. 7.5].
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The algebra K of compact operators on a separable, infinite-dimensional Hilbert
space contains the ideal L1 of traceclass operators, on which ‖T ‖1 := Tr |T | is a norm,
which is larger than the operator norm ‖T ‖ = μ0(T ). Each partial sum of singular
values σn is a norm on K . In fact,

σn(T ) = sup{‖T Pn‖1 : Pn is a projector of rank n}.

Notice that σn(T ) ≤ nμ0(T ) = n‖T ‖. There is a cute formula [52] that combines
these two norms:

σn(T ) = inf{‖R‖1 + n‖S‖ : R, S ∈K; R + S = T }. (5.1)

This is worth checking. Clearly, if T = R + S, then σn(T ) ≤ σn(R) + σn(S) ≤
‖R‖1+n‖S‖. To show that the infimum is attained, we can assume that T is a positive
operator, since both sides of (5.1) are unchanged if R, S, T are multiplied on the left
by a unitary operator V such that V T = |T |. Now let Pn be the projector of rank n
whose range is spanned by the eigenvectors of T corresponding to the eigenvalues
μ0, . . . , μn−1. Then R := (T − μn)Pn and S := μnPn + T (1− Pn) satisfy ‖R‖1 =∑
k<n(μk − μn) = σn(T )− nμn and ‖S‖ = μn.
We can think of σn(T ) as the trace of |T | with a cutoff at the scale n. This scale

need not be an integer; for any scale λ > 0, we can define

σλ(T ) := inf{‖R‖1 + λ‖S‖ : R, S ∈K; R + S = T }.

If 0 < λ ≤ 1, then σλ(T ) = λ‖T ‖. If λ = n+ t with 0 ≤ t < 1, one checks that

σλ(T ) = (1− t)σn(T )+ tσn+1(T ), (5.2)

so λ �→ σλ(T ) is a piecewise linear, increasing, concave function on (0,∞). Each σλ is
a norm by (5.2), and so satisfies the triangle inequality. For positive compact operators,
there is a triangle inequality in the opposite direction:

σλ(A)+ σμ(B) ≤ σλ+μ(A+ B) if A,B ≥ 0. (5.3)

It suffices to check this for integral values λ = m, μ = n. If Pm, Pn are projectors of
respective ranks m, n, and if P = Pm ∨ Pn is the projector with range PmH + PnH ,
then

‖APm‖1 + ‖BPn‖1 = Tr(PmAPm + PnBPn) ≤ Tr(P (A+ B)P ) = ‖(A+ B)P ‖1,

and (5.3) follows by taking suprema over m, n. We get a sandwich of norms:

σλ(A+ B) ≤ σλ(A)+ σλ(B) ≤ σ2λ(A+ B) if A,B ≥ 0. (5.4)
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The Dixmier ideal. The first-order infinitesimals can now be defined precisely as the
following normed ideal of compact operators:

L1+ :=
{
T ∈K : ‖T ‖1+ := sup

λ≥e
σλ(T )

log λ
<∞

}
,

that obviously includes the traceclass operators L1. (It is alternatively denoted by
L(1,∞), a notation coming from the real interpolation theory of Banach spaces [37,
IV.B].) On the other hand, if p > 1 then L1+ ⊂ Lp, where the latter is the Schatten
ideal of those T such that Tr |T |p <∞, for which σλ(T ) = O(λ1−1/p).

Fix a ∈ R with a > e. If T ∈ L1+, the function λ �→ σλ(T )/ log λ is continuous
and bounded on the interval [a,∞), i.e., it lies in the C∗-algebra Cb[a,∞). We then
define the following Cesàro mean of this function:

τλ(T ) := 1

log λ

∫ λ

a

σu(T )

log u

du

u
.

Then λ �→ τλ(T ) lies in Cb[a,∞) also, with upper bound ‖T ‖1+. From (5.4) we can
derive that

0 ≤ τλ(A)+ τλ(B)− τλ(A+ B) ≤
(‖A‖1+ + ‖B‖1+

)
log 2

2+ log log λ

log λ
,

so that τλ is ‘asymptotically additive’ on positive elements of L1+.
We get a true additive functional in two more steps. Firstly, let τ̇ (A) be the class

of λ �→ τλ(A) in the quotient C∗-algebra B := Cb[a,∞)/C0[a,∞). Then τ̇ is
an additive, positive-homogeneous map from the positive cone of L1+ into B, and
τ̇ (UAU−1) = τ̇ (A) for any unitaryU ; therefore it extends to a linear map τ̇ : L1+ →
B such that τ̇ (ST ) = τ̇ (T S) for T ∈ L1+ and any bounded S.

Secondly, we follow τ̇ with any state (i.e., normalized positive linear form)
ω : B → C. The composition is a Dixmier trace:

Trω(T ) := ω(τ̇ (T )).

The noncommutative integral. The C∗-algebra B is not separable and thus there is
no way to exhibit any particular state. This problem can be finessed by noticing that
a function f ∈ Cb[a,∞) has a limit limλ→∞ f (λ) = c if and only if ω(f ) = c does
not depend on ω. Let us say that an operator T ∈ L1+ is measurable if the function
λ �→ τλ(T ) converges as λ → ∞, in which case any Trω(T ) equals its limit. We
denote by

∫
T the common value of the Dixmier traces:∫

− T := lim
λ→∞ τλ(T ) if this limit exists.

We call this value the noncommutative integral of T .
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If T ∈ K and σn(T )/ log n converges as n → ∞, then T lies in L1+ and is
measurable. Actually, if T is a positive operator, then T is measurable if and only if
limn→∞ σn(T )/ log n exists [156]. The existence of this limit was shown to be the
case for the operators D/−2 on the Riemann sphere and D−2 on the noncommutative
torus, whose integrals we have already computed.

We should do at least one n-dimensional integral calculation. For the torus Tn :=
Rn/(2πZ)n with real coordinates (t1, . . . , tn), consider its Laplacian

� := −
(
∂

∂t1

)2
− · · · −

(
∂

∂tn

)2
. (5.5)

Its eigenfunctions are φl(t) := eil·t for l ∈ Zn. We discard the zero mode φ0 and
regard � as an invertible operator on the orthogonal complement of the constants in
L2(Tn). The multiplicity mλ of the eigenvalue λ = |l|2 is the number of lattice points
in Zn of length |l|. Thus the operator �−s is compact for any s > 0; let us compute∫
�−s .

IfNr is the total number of lattice points with |l| ≤ r , thenNr+dr−Nr ∼ �n rn−1 dr

and Nr ∼ n−1�n r
n, where

�n = 2πn/2

�(n/2)
= vol(Sn−1)

is the volume of the unit sphere. For N = NR we estimate

σNR(�
−s) =

∑
1≤|l|≤R

|l|−2s ∼
∫ R

1
r−2s (Nr+dr −Nr) ∼ �n

∫ R

1
rn−2s−1 dr.

Since logNR ∼ n logR, we see that σN(�−s)/ logN diverges if s < n/2 and con-
verges to 0 if s > n/2. For the borderline case s = n/2, we get σN(�−n/2)/ logN ∼
�n/n, and thus ∫

− �−n/2 = �n
n
= πn/2

�
(
n
2 + 1

) . (5.6)

The Dirac operator D/ = −i γ (dxj ) ∂/∂xj on Tn satisfies D/ 2 = �S , a direct sum of
2"n/2# copies of the scalar Laplacian�, so we may rewrite (5.6) as

∫
dsn = ∫ |D/ |−n =

2"n/2#�n/n.

5.2 Pseudodifferential operators

Up to now, the computation of
∫
T has required a complete determination of the spec-

trum of T . This an onerous task, suitable only for simple examples. An alternative
approach is needed, which may allow us to calculate

∫
T by a general procedure.
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For the commutative case, such a procedure is available: it is the pseudodifferential
operator calculus. For the extension of this calculus to the noncommutative case, see
for instance [38], [41], [112]. Here we confine our attention to a fairly familiar case:
classical pseudodifferential operators (�DOs) on compact Riemannian manifolds.

Definition 10. A pseudodifferential operator of order d over a manifoldM is an ope-
rator A : L2(M,E) → L2(M,F ) between two Hilbert spaces of square-integrable
sections of Hermitian vector bundles E,F → M , that can be written in local coordi-
nates as

Au(x) = (2π)−n
∫∫

ei(x−y)·ξ a(x, ξ)u(y) dny dnξ, (5.7)

where the symbol a(x, ξ) is a matrix of smooth functions whose derivatives satisfy
the growth conditions |∂αx ∂βξ aij (x, ξ)| ≤ Cαβ(1 + |ξ |)d−|β|. We then say that A is a

classical �DO, written A ∈ �d(M;E,F), if its symbol has an asymptotic expansion
of the form

a(x, ξ) ∼
∞∑
j=0

ad−j (x, ξ) (5.8)

where each ar(x, ξ) is r-homogeneous in the variable ξ , that is, ar(x, tξ) ≡ t r ar (x, ξ),
and the asymptotics means that subtraction of the first m terms lowers the order of
growth from d to d − m. We refer to [208] for the full story on such operators.
Although the terms of the expansion (5.8) are generally coordinate-dependent, the
principal symbol ad(x, ξ) is globally defined on the cotangent bundle T ∗M , except
possibly on the zero sectionM . We call the operator A elliptic if ad(x, ξ) is invertible
for ξ �= 0.

The spaces �d(M;E,F) are decreasingly nested; elements of their intersection
�−∞(M;E,F) are called smoothing operators. The symbol a determines A up to a
smoothing operator. The quotient P := �∞(M;E,E)/�−∞(M;E,E) is an algebra
when E = F . The product AB = C of �DOs corresponds to the composition of
symbols given by the expansion

c(x, ξ) ∼
∑
α∈Nn

(−i)|α|
α! ∂αξ a ∂

α
x b.

From the leading term, we see that if A ∈ �d(M;E,E), B ∈ �r(M;E,E), then
AB ∈ �d+r (M;E,E). Also, if P = [A,B] is a commutator in �∞(M;E,E), then

p(x, ξ) ∼
∑
|α|>0

(−i)|α|
α!

(
∂αξ a ∂

α
x b − ∂αξ b ∂αx a

)
(5.9)

in the scalar case where E is a line bundle, since then the term of order d + r cancels.
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5.3 The Wodzicki residue

IfM is an n-dimensional manifold, the term of order (−n) of the expansion (5.8) has
a special significance. It is coordinate-dependent, so let us fix a coordinate domain
U ⊂ M over which the cotangent bundle is trivial, and consider the matrix trace
tr a−n(x, ξ) as a smooth function on T ∗U \ U , omitting the zero section. Then

α := tr a−n(x, ξ) dξ1 ∧ · · · ∧ dξn ∧ dx1 ∧ · · · ∧ dxn

is invariant under the dilations ξ �→ tξ , because tr a−n(x, ξ) is homogeneous of de-
gree (−n). Thus, ifR =∑

j ξj ∂/∂ξj is the radial vector field onT ∗U \U that generates
these dilations, then d ιRα = LR α = 0, so ιRα is a closed (2n−1)-form on T ∗U \U .
Here LR = ιR d + d ιR is the Lie derivative. On abbreviating

dnx := dx1 ∧ · · · ∧ dxn, σξ :=
n∑
j=1

(−1)j−1ξj dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn,

we find that ιRα = tr a−n(x, ξ) σξ ∧ dnx.
Now, σξ restricts to the volume form on the unit sphere |ξ | = 1 in each T ∗x M . On

integrating ιRα over these spheres, we get a quantity that transforms under coordinate
changes x �→ y = φ(x), ξ �→ η = φ′(x)t ξ , a−n(x, ξ) �→ ã−n(y, η) as follows [84],
[104]: ∫

|η|=1
tr ã−n(y, η) ση = | det φ′(x)|

∫
|ξ |=1

tr a−n(x, ξ) σξ . (5.10)

The absolute value of the Jacobian det φ′(x) appears here because if φ′(x)t reverses
the orientation on the unit sphere in T ∗x M then the integral over the sphere also changes
sign.

The Wresidue density. As a consequence of (5.10), we get a 1-density onM , denoted
wresA, whose local expression on any coordinate chart is

wresx A :=
(∫

|ξ |=1
tr a−n(x, ξ) σξ

)
dx1 ∧ · · · ∧ dxn. (5.11)

This is the Wodzicki residue density. By integrating it over M , we get the Wodzicki
residue [84], [124], [223]:

WresA :=
∫
M

wresA =
∫

S∗M
ιRα =

∫
S∗M

tr a−n(x, ξ) σξ dnx. (5.12)

Here S∗M := {(x, ξ) ∈ T ∗M : g−1
x (ξ, ξ) = 1} is the ‘cosphere bundle’ overM . The

integral (5.12) may diverge for some A; we shall shortly identify its domain.
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The tracial property of the Wresidue. It turns out that Wres is a trace on the
algebra P of classical symbols, i.e., that Wres[A,B] = 0 always, provided that
dimM > 1. The reason is that each term in the expansion is a finite sum of derivatives
∂p/∂xj + ∂q/∂ξj . For instance, in the scalar case the leading term of (5.9) is

−i
(
∂a

∂ξj

∂b

∂xj
− ∂b

∂ξj

∂a

∂xj

)
= ∂

∂xj

(
ia
∂b

∂ξj

)
− ∂

∂ξj

(
ia
∂b

∂xj

)
.

We can assume that a, b are supported on a compact subset of a chart domain U
of M (since we can later patch together with a partition of unity), so that all (−n)-
homogeneous terms of type ∂p/∂xj have zero integral over S∗M . Since we are inte-
grating a closed (2n − 1)-form over Sn−1 × U , we get the same result by integration
over the cylinder Sn−2 × R × U : these are cohomologous cycles in (Rn \ {0}) × U .
For any term of the form ∂q/∂ξj , where q is (−n+ 1)-homogeneous, we then get∫

|ξ |=1

∂q

∂ξj
= ±

∫
|ξ ′|=1

∫ ∞

−∞
∂q

∂ξj
dξj σξ ′ = 0

if ξ ′ := (ξ1, . . . , ξ̂j , . . . , ξn), since q(x, ξ)→ 0 as ξj →±∞ because −n+ 1 < 0.
The crucial property of Wres is that, up to scalar multiples, it is the unique trace on

the algebra P . We give the gist of the elementary proof of this by Fedosov et al. [84].
From the symbol calculus, derivatives are commutators, since

[xj , a] = i ∂a
∂ξj
, [ξj , a] = −i ∂a

∂xj

in view of (5.9). Hence any traceT on symbols must vanish on derivatives. For r �= −n,
each r-homogeneous term ar(x, ξ) is a derivative, since ∂/∂ξj (ξj ar) = (n + r)a
by Euler’s theorem. Furthermore, one can show that after averaging over spheres,
ã−n(x) := �−1

n

∫
|ξ |=1 a−n(x, ξ) σξ , the centred (−n)-homogeneous term

tr a−n(x, ξ)− tr ã−n(x) |ξ |−n

is a finite sum of derivatives. The upshot is that T (a) = T (ã−n(x) |ξ |−n) is a linear
functional of tr ã−n(x) that kills derivatives, so it must be of the form

T (a) = C
∫
U

tr ã−n(x) dnx = C WresA.

5.4 The trace theorem

This uniqueness of the trace was exploited by Connes [35], who saw how the Dixmier
traces fit into this picture. The point is that pseudodifferential operators of low enough
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order over a compact manifold are already compact operators [208], so that any Dixmier
trace Trω defines a trace on �−n(M); and they all define the same trace, since they
coincide on measurable operators. Thus all �DOs of order (−n) are measurable,
and the noncommutative integral is a multiple of Wres. It remains only to compute
the proportionality constant. Moreover, since we can reduce to local calculations by
patching with partitions of unity, this constant must be the same for all manifolds of a
given dimension.

To find it, we can use the power �−n/2 of the Laplacian on the torus Tn, with
its translation-invariant flat metric, whose noncommutative integral we already know
(5.6). Now� is a differential operator (5.5), with symbol b(x, ξ) = g−1(ξ, ξ) = |ξ |2.
Thus�−n/2 is a�DO with symbol |ξ |−n, which is (−n)-homogeneous; and |ξ |−n ≡ 1
on the cosphere bundle S∗M . Thus

Wres�−n/2 =
∫

Tn

∫
|ξ |=1

σξ d
nx = (2π)n �n.

On comparing (5.6), we see that the proportionality constant is 1/n(2π)n, thus∫
− A = 1

n (2π)n
WresA (5.13)

for any �DO of order (−n) or lower. This is Connes’ trace theorem [35].

The commutative integral. Suppose thatM is an n-dimensional spin manifold, with
Dirac operator D/ . The operator |D/ |−n is a first-order infinitesimal and is also a pseu-
dodifferential operator of order (−n). Indeed,D/ acts on spinors with principal symbol
γ (ξ), so D/ 2 has principal symbol g−1(ξ, ξ) 1N , where g is the Riemannian metric;
this is a scalar matrix whose size N = 2"n/2# is the rank of the spinor bundle. The
principal symbol of |D/ |−n = (D/ 2)−n/2 is then given locally by

√
det g(x) |ξ |−n 1N .

More generally, when a ∈ C∞(M) is represented as a multiplication operator on
spinors, the operator A = a |D/ |−n is also pseudodifferential of order (−n), with prin-
cipal symbol a−n(x, ξ) := a(x)√det g(x) |ξ |−n 1N . Let us be mindful that the Rie-
mannian volume form is� = √det g(x) dx1 ∧ · · · ∧ dxn. Invoking (5.13) and (5.12),
we end up with∫
− a |D/ |−n = 1

n (2π)n
Wres a |D/ |−n = 1

n (2π)n

∫
S∗M

tr a−n(x, ξ) σξ dnx

= 2"n/2#�n
n (2π)n

∫
M

a(x)�.

(5.14)

Thus the ordinary integral on functions, determined by the orientation class [�], is

∫
M

a � =

⎧⎪⎨⎪⎩
m! (2π)m

∫
− a D/−2m if dimM = 2m is even,

(2m+ 1)!!πm+1
∫
− a |D/ |−2m−1 if dimM = 2m+ 1 is odd.
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In particular, since orientable 2-dimensional manifolds always admit a spin struc-
ture [96], the area of a surface (m = 1) is 2π

∫
D/−2, as we had previously asserted.

5.5 Integrals and zeta residues

We have not yet explained why the Wodzicki functional is called a residue. It was orig-
inally discovered as the Cauchy residue of a zeta function: see Wodzicki’s introductory
remarks in [223]. Indeed, the following formula can be established [215] with the help
of Seeley’s symbol calculus for complex powers of a positive elliptic �DO [196]:

Res
s=1
ζA(s) = 1

n (2π)n
WresA,

where the zeta function of a positive compact operator A with eigenvalues λk(A) may
be defined as

ζA(s) :=
∞∑
k=1

λk(A)
s for )s > some s0

and extended to a meromorphic function on C by analytic continuation.
In view of (5.13), it should be possible to prove directly that this zeta residue

coincides with the noncommutative integral of measurable infinitesimals:

Res
s=1
ζA(s) =

∫
− A. (5.15)

This can indeed be achieved by known Tauberian theorems; see, for instance, [37,
IV.2.β, Prop. 4], [215, Sec. 2] or [104, Sec. 7.6]. Rather than repeat these technical
proofs here, we give instead a heuristic argument based on the delta-function calculus
of [81], that shows why (5.15) is to be expected.

Let us take A to be a compact positive operator whose eigenvalues satisfy
λk(A) ∼ L/k as k → ∞. Then σn(A) ∼ L log n as n → ∞, so that A is mea-
surable with

∫
A = L. In the particular case of the operator R for which λk(R) = 1/k

for all k, ζR(s) is precisely the Riemann zeta function.
On the other hand, let us examine an interesting distribution on R, the ‘Dirac

comb’
∑
k∈Z
δ(x − k). It is periodic and its mean value is 1; therefore f (x) :=∑

k∈Z
δ(x − k)− 1 is a periodic distribution of mean zero. It can then be shown [80]

that the moments μm :=
∫∞
−∞ f (x) x

m dx exist for all m. The same is true if we cut
off the x-axis at x = 1 with the Heaviside function θ(x − 1): the distribution

fR(x) :=
∞∑
k=1

δ(x − k)− θ(x − 1)
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has moments of all orders, and the function

ZR(s) :=
∫

R

fR(x) x
−s dx =

∞∑
k=1

1

ks
−
∫ ∞

1
x−s dx = ζR(s)− 1

s − 1

is an entire analytic function of s. (Notice how this argument shows that ζR is mero-
morphic with a single simple pole at s = 1, whose residue is 1.)

Now since L/λk(A) ∼ k as k → ∞, we replace δ(x − k) by δ(x − L/λk) and
define

fA(x) :=
∞∑
k=1

δ(x − L/λk)− θ(x − 1).

This suggests that

ZA(s) :=
∫

R

fA(x) x
−s dx = L−s

∞∑
k=1

λsk −
∫ ∞

1
x−s dx = L−sζA(s)− 1

s − 1
.

From this we conclude that ζA(s) = LsZA(s)+ Ls/(s − 1) is meromorphic, analytic
for )s > 1, and has a simple pole at s = 1 with residue

Res
s=1
ζA(s) = L =

∫
− A.

This surprising nexus between the Wodzicki functional, the noncommutative inte-
gral and the zeta-function residue suggests that the first two may be profitably used in
quantum field theory; see [72] for an example of that.
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Quantization and the tangent groupoid

We now turn aside from the study of spin geometries to explore an issue of a more
topological nature, namely, the extent to which noncommutative methods allow us
to achieve contact with the quantum world. To begin with, the facile but oft-repeated
phrase, ‘noncommutative = quantum’, must be disregarded. As the story of the Connes–
Lott model shows, a perfectly noncommutative geometry may be employed to produce
Lagrangians for physical models at the classical level only [37, VI.5]; quantization
must then proceed from this starting point. Nevertheless, the foundations of quantum
mechanics do throw up noncommutative geometries, as we have seen with the torus.
Also, the integrality features of the pairing of cyclic cohomology with K-theory give
genuine examples of quantizing. So, it is worthwhile to ask: what is the relation of
known quantization procedures with noncommutative geometry?

The first step in quantizing a system with finitely many degrees of freedom is to place
the classical and quantum descriptions of the system on the same footing; the second
step is to draw an unbroken line between these descriptions. In conventional quantum
mechanics, the simplest such method is the Wigner–Weyl or Moyal quantization, which
consists in ‘deforming’an algebra of functions on phase space to an algebra of operator
kernels. In noncommutative geometry, there is a device that accomplishes this in a most
economical manner, namely the tangent groupoid of a configuration space.

6.1 Moyal quantizers and the Moyal deformation

Since [8] and [11] at least, deformations of algebras have been related to the physics
of quantization: see [146] for the full panorama. Here we first sketch the general
scheme [99], and then illustrate it with the simplest possible example, namely, the
Moyal quantization in terms of the Schrödinger representation of ordinary quantum
mechanics for spinless, nonrelativistic particles.

Definition 11. LetX be a smooth symplectic manifold, μ (an appropriate multiple of)
the associated Liouville measure, and H a Hilbert space. A Moyal quantizer for the
triple (X,μ,H) is a map� of the phase spaceX into the space of selfadjoint operators
on H satisfying

Tr�(u) = 1, (6.1a)

Tr
[
�(u)�(v)

] = δ(u− v), (6.1b)
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for u, v ∈ X, at least in a distributional sense; and such that {�(u) : u ∈ X} spans
a weakly dense subspace of L(H). More precisely, the notation ‘δ(u − v)’ means
the (distributional) reproducing kernel for the measure μ. An essentially equivalent
definition, in the equivariant context, was introduced first in [214].

For the proud owner of a Moyal quantizer, all quantization problems are solved in
principle. Quantization of a sufficiently regular function a on X is effected by

a �→ Q(a) :=
∫
X

a(u)�(u)μ(u), (6.2)

and dequantization of any operator A ∈ L(H) by

A �→ WA, withWA(u) := Tr
[
A�(u)

]
.

This makes WI = 1 automatically. Moreover, WQ(a) = a by (6.1b) and there-
fore Q(WA) = A by irreducibility, from which it follows that Q(1) = I , i.e.,∫
X
�(u)μ(u) = I .
We can reformulate (6.1) as

TrQ(a) =
∫
X

a(u)μ(u), (6.3a)

Tr
[
Q(a)Q(b)

] = ∫
X

a(u)b(u)μ(u), (6.3b)

for real functions a, b ∈ L2(X,μ).
Moyal quantizers are essentially unique and understandably difficult to find [99].

The standard example is given by the phase spaceT ∗(Rn)with the canonical symplectic
structure. With Planck constant h̄ > 0 and coordinates u = (q, ξ), we take μ(q, ξ) :=
(2πh̄)−n dnq dnξ . We also take H = L2(Rn). Then the Moyal quantizer on T ∗(Rn) is
given by a family of symmetries�h̄(q, ξ); explicitly, in the Schrödinger representation:[

�h̄(q, ξ)f
]
(x) = 2n e2iξ(x−q)/h̄ f (2q − x). (6.4)

The Moyal product a �h̄ b of two elements a, b of S(T ∗Rn), say, is defined by the
requirement thatQ(a �h̄ b) = Q(a)Q(b). In this case,

(a �h̄ b)(u) =
∫∫

Lh̄(u, v,w) a(v)b(w)μ(v)μ(w), (6.5)

with

Lh̄(u, v,w) := Tr
[
�h̄(u)�h̄(v)�h̄(w)

]
= 22n exp

{
−2i

h̄

(
s(u, v)+ s(v,w)+ s(w, u))},
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where s(u, u′) := qξ ′−q ′ξ is the linear symplectic form on T ∗Rn. Note that
∫
a�h̄b =∫

ab. By duality, then, the quantization rule can be extended to very large spaces of
functions and distributions [91], [102], [183], [213].

Moyal quantization has other interesting uniqueness properties; for instance, it
can be also uniquely obtained by demanding equivariance with respect to the linear
symplectic group (on introducing the metaplectic representation) [202].

Asymptotic morphisms. K-theory, being homotopy invariant, is fairly rigid under
algebra deformations. K0 is a functor; for each ∗-homomorphism of C∗-algebras
φ : A→ B there is a group homomorphism φ∗ : K0(A)→ K0(B). However, there is
no need to ask for ∗-homomorphisms; is order to obtainK-theory maps, it is enough to
construct asymptotic morphisms of theC∗-algebras. These were introduced by Connes
and Higson in [48].

Definition 12. Let A, B be C∗-algebras and h̄0 a positive real number. An asymptotic
morphism fromA toB is a family of maps T = {Th̄ : A→ B : 0 < h̄ ≤ h̄0 }, such that
h̄ �→ Th̄(a) is norm-continuous on (0, h̄0] for each a ∈ A, and such that, for a, b ∈ A
and λ ∈ C, the following norm limits apply:

lim
h̄↓0

(
Th̄(a)+ λTh̄(b)− Th̄(a + λb)

) = 0,

lim
h̄↓0

(
Th̄(a)

∗ − Th̄(a∗)
) = 0,

lim
h̄↓0

(
Th̄(ab)− Th̄(a)Th̄(b)

) = 0.

Two asymptotic morphisms T , S are equivalent if limh̄↓0(Th̄(a) − Sh̄(a)) = 0
for all a ∈ A. Therefore, by setting T̃ (a)h̄ := Th̄(a), equivalence classes of asymptotic
morphisms from A to B determine ∗-homomorphisms from A to the quotient C∗-
algebra B̃ := Cb((0, h̄0], B)/C0((0, h̄0], B). We remark that our Th̄ is the φ1/h̄ of
[37], [48].

In examples, it is enough that the maps Th̄ be defined on a pre-C∗-algebra A that is
dense in A, since the ∗-homomorphism T̃ : A → B̃ automatically extends to A [104,
Lemma 3.41]. Recovery of an asymptotic morphism from the extended T̃ : A → B̃

requires some delicate use of selection theorems, but is always possible: see [48] or
[104, Sec. 3.4].

In order to define maps of K-theory groups, it is enough to have asymptotic mor-
phisms. This works as follows [111]: first extend Th̄ entrywise to an asymptotic mor-
phism fromMm(A) toMm(B). Ifp is a projector inMm(A), then by functional calculus
there is a continuous family of projectors {qh̄ : 0 < h̄ ≤ h̄0 }, whose K-theory class is
well defined, such that ‖Th̄(p)− qh̄‖ → 0 as h̄ ↓ 0. Define T∗ : K0(A)→ K0(B) by
T∗[p] := [qh̄0].

If A and B are two C∗-algebras, a strong deformation from A to B is a continuous
field of C∗-algebras {Ah̄ : 0 ≤ h̄ ≤ h̄0 } in the sense of [67], such that A0 = A and
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Ah̄ = B for h̄ > 0. The definition of a continuous field involves specifying the space �
of norm-continuous sections h̄ �→ s(h̄) ∈ Ah̄, and guarantees that for any a ∈ A0 there
is such a section sa with sa(0) = a. Such a deformation gives rise to an asymptotic
morphism from A to B by setting Th̄(a) := sa(h̄).

The Moyal asymptotic morphism. This is the family of linear maps fromC0(T
∗Rn)

to K(L2(Rn)), given in terms of integral kernels by:[
Th̄(a)f

]
(x) := 1

(2πh̄)n

∫
R2n
a
(x + y

2
, ξ
)
eiξ(x−y)/h̄f (y) dny dnξ, (6.6)

on substituting the quantizer (6.4) into (6.2). Here a is an element of the pre-C∗-algebra
S(T ∗Rn), to begin with, so the integral is well defined and the operators Th̄(a) are in
fact trace-class; they are uniformly bounded in h̄. The extension to C0(T

∗Rn) follows,
but need not be described directly by (6.6); in particular, its image goes beyond the
trace-class operators. It is clear that Th̄(a) is the adjoint of Th̄(a∗). This formula is
often called the Moyal deformation, or the ‘Heisenberg deformation’ [37, II.B.ε].

In order to check the continuity of the deformation at h̄ = 0, one can use, for
instance, the following distributional identity:

lim
ε↓0
ε−neixy/ε = (2π)n δ(x) δ(y), for x, y ∈ Rn,

from the theory of Fresnel integrals. Thus, limh̄↓0 L
h̄(u, v,w) = δ(u − v) δ(u − w),

so the Moyal product reduces to the ordinary product in the limit h̄ ↓ 0.

6.2 Smooth groupoids

By definition, a groupoid G⇒ U is a small category in which every morphism has an
inverse. Its set of objects is U and its set of morphisms is G. In practice, this means
that we are given a set G, another set U of ‘units’ with an inclusion i : U ↪→ G, two
‘range and source’ maps r, s : G→ U , and a composition lawG(2)→ Gwith domain

G(2) := {(g, h) : s(g) = r(h)} ⊆ G×G,
subject to the following rules:

(i) r(gh) = r(g) and s(gh) = s(h) if (g, h) ∈ G(2);
(ii) if u ∈ U then r(u) = s(u) = u;

(iii) r(g)g = g = gs(g) for all g ∈ G;

(iv) (gh)k = g(hk) if (g, h) ∈ G(2) and (h, k) ∈ G(2);
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(v) each g ∈ G has an ‘inverse’ g−1, satisfying gg−1 = r(g) and g−1g = s(g).
Any group G is a groupoid, with U = {1}. On the other hand, any set X is a

groupoid, withG=U =X and trivial composition law x ·x = x. Less trivial examples
include graphs of equivalence relations, group actions, and vector bundles with fibre-
wise addition. An important example is the pair groupoid of a setX. TakeG = X×X
andU = X, included inX×X as the diagonal subset�X := {(x, x) : x ∈ X}. Define
r(x, y) := x, s(x, y) := y. Then (x, y)−1 = (y, x) and the composition law is

(x, y) · (y, z) = (x, z).
Notice that a disjoint union of groupoids is itself a groupoid.

Definition 13. A smooth groupoid is a groupoid G ⇒ U where G, U and G(2) are
manifolds (possibly with boundaries), such that the inclusion i : U ↪→ G and the
composition and inversion operations are smooth maps, and the maps r, s : G → U

are submersions.

Thus, the tangent maps Tgr and Tgs are surjective at each g ∈ G. In particular, this
implies that rank r = rank s = dimU . Relevant examples are a Lie group, a vector
bundle over a smooth manifold, and the pair groupoidM ×M of a smooth manifold.

One can add more structure, if desired. For instance, there are symplectic groupoids,
where G is a symplectic manifold and U is a Lagrangian submanifold. These can be
used to connect the Kostant–Kirillov–Souriau theory of geometric quantization with
Moyal quantization [103], [222].

Convolution ongroupoids. Functions on groupoids can be convolved in the following
way [127], [168], [176]. Suppose that on each r-fibre Gu := {g ∈ G : r(g) = u}
there is given a measure λu so that λr(g) = gλs(g) for all g ∈ G; such a family of
measures is called a ‘Haar system’ forG. The inversion map g �→ g−1 carries each λu

to a measure λu on the s-fibre Gu := {g ∈ G : s(g) = u}. The convolution of two
functions a, b on G is then defined by

(a ∗ b)(g) :=
∫
hk=g

a(h) b(k) :=
∫
Gr(g)

a(h) b(h−1g) dλr(g)(h).

Definition 14. The reduced C∗-algebra of the smooth groupoid G ⇒ U with a
given Haar system is the algebra C∗r (G) obtained by completing C∞c (G) in the norm
‖a‖ := supu∈U ‖πu(a)‖, where πu is the representation ofC∞c (G) on the Hilbert space
L2(Gu, λu) given by

[
πu(a)ξ

]
(g) :=

∫
hk=g

a(h) ξ(k) :=
∫
Gr(g)

a(h)ξ(h−1g) dλr(g)(h) for g ∈ Gu.
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There is a more canonical procedure to define convolution, if one wishes to avoid
hunting for suitable measures λu, which is to take a, b to be not functions but half-
densities onG [37, II.5]. These form a complex line bundle�1/2 → G and one replaces
C∞c (G) by the compactly supported smooth sectionsC∞c (G,�1/2) in definingC∗r (G).
However, for the examples considered here, the previous definition will do.

On the pair groupoid M ×M of an oriented Riemannian manifold M , we obtain
just the convolution of integral kernels:

(a ∗ b)(x, z) :=
∫
M

a(x, y) b(y, z)�(y),

where �(y) = √det g(y) dny is the volume form on M . Here C∞c (M ×M) is the
algebra of kernels of smoothing operators on L2(M), and the C∗-algebra C∗r (M ×M)
is its completion, acting as integral kernels on L2(M), so that C∗r (M ×M) �K .

The tangent bundleG = TM is a groupoid, whose operation is addition of tangent
vectors at the same point, andU = M is included in TM as the zero section; the maps r
and s both coincide with the bundle projection τ : TM → M . In this case, C∗r (TM)
is the completion of the convolution algebra

(a ∗ b)(q, v) :=
∫
TqM

a(q, u) b(q, v − u)√det g(q) dnu,

where we may take a(q, ·) and b(q, ·) in C∞c (TqM). The Fourier transform

F a(q, ξ) :=
∫
TqM

e−iξva(q, v)
√

det g(q) dnv

replaces convolution by the ordinary product on the total space T ∗M of the cotangent
bundle. This gives an isomorphism from C∗r (TM) to C0(T

∗M), also called F , with
inverse:

F −1b(q, v) = (2π)−n
∫
T ∗q M

eiξvb(q, ξ) det−1/2(g(q)) dnξ.

We write μq(v) := det1/2(g(q)) dnv and μq(ξ) := (2π)−n det−1/2(g(q)) dnξ .

6.3 The tangent groupoid

The asymptotic morphism involved in Moyal quantization can be given a concrete
geometrical realization and a far-reaching generalization, by the concept of a tangent
groupoid.
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Definition 15. To build the tangent groupoid of a manifoldM , we first form the disjoint
union G′ := M ×M × (0, 1] of copies of the pair groupoid of M parametrized by
0 < h̄ ≤ 1. Its unit set is U ′ = M × (0, 1]. We also take G′′ := TM , whose unit set
is U ′′ = M . The tangent groupoid of M is the disjoint union GM := G′ � G′′, with
UM := U ′ � U ′′ as unit set, and composition law given by

(x, y, h̄) · (y, z, h̄) := (x, z, h̄) for h̄ > 0 and x, y, z ∈ M,
(q, vq) · (q,wq) := (q, vq + wq) for q ∈ M and vq,wq ∈ TzM.

Also, (x, y, h̄)−1 := (y, x, h̄) and (q, vq)−1 := (q,−vq).
The tangent groupoid can be given a structure of smooth groupoid in such a way

that GM is a manifold with boundary, G′ contains the interior of the manifold and G′′
is the nontrivial boundary.

In order to see that, let us first recall what is meant by the normal bundle over
a submanifold R of a manifold M [64]. If j : R → M is the inclusion map, the
tangent bundle of M restricts to R as the pullback j∗(TM) = TM∣∣

R
; this is a vector

bundle over R, of which T R is a subbundle, and the normal bundle is the quotient
Nj := j∗(TM)/T R. When M has a Riemannian metric, we may identify the fibre
N
j
q to the orthogonal complement of TqR in TqM and thus regard Nj as a subbundle

of TM
∣∣
R

.
At each q ∈ R, the exponential map expq is one-to-one from a small enough

ball in Njq into M . If the submanifold R is compact, then for some ε > 0, the map
(q, vq) �→ expq(vq) with |vq | < ε is a diffeomorphism from a neighbourhood of the
zero section in Nj to a neighbourhood of R in M (this is the tubular neighbourhood
theorem).

Now consider the normal bundle N� associated to the diagonal embedding
� : M → M × M . We can identify �∗T (M × M) to TM ⊕ TM , and thereby
the normal bundle overM is identified with

N� = {(
�(q), 1

2vq,− 1
2vq

) : (q, vq) ∈ TM}
,

which gives an obvious isomorphism between TM and N�.
As in the tubular neighborhood theorem, we can (if M is compact, at any rate)

find a diffeomorphism φ : V1 → V2 between an open neighbourhood V1 of M in N�

(consideringM ⊂ N� as the zero section) and an open neighborhood V2 of �(M) in
M ×M . Explicitly, we can find r0 > 0 so that

φ(�(q), vq,−vq) :=
(
expq

( 1
2vq

)
, expq

(− 1
2vq

))
is a diffeomorphism provided vq ∈ N�q and |vq | < r0; take V1 to be the union of these
open balls of radius r0.
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Now we can define the manifold structure of GM . The set G′ is given the usual
product manifold structure; it has an ‘outer’ boundary M × M × {1}. In order to
attach G′′ to it as an ‘inner’ boundary, we consider

U1 := {(q, vq, h̄) : (q, h̄vq) ∈ V1 },
which is an open subset of TM × [0, 1]; indeed, it is the union of TM × {0} and
the tube of radius r0/h̄ around �(M) × {h̄} for each h̄ ∈ (0, 1]. Therefore, the map
� : U1 → GM given by

�(q, vq, h̄) :=
(
expq

( 1
2 h̄vq

)
, expq

(− 1
2 h̄vq

)
, h̄
)

for h̄ > 0,

�(q, vq, 0) := (q, vq) for h̄ = 0,
(6.7)

is one-to-one and maps the boundary of U1 onto G′′. The restriction of � to U ′1 :={(q, vq, h̄) ∈ U1 : 0 < h̄ ≤ 1} ⊂ TM × (0, 1] is a local diffeomorphism between U ′1
and its image U ′2 ⊂ M ×M × (0, 1]. One checks that changes of charts are smooth;
thus, even if M is not compact, we can construct maps (6.7) locally and patch them
together to transport the smooth structure from sets like U1 to the inner boundary of
the groupoid GM .

To prove thatGM is a smooth groupoid, one also has to check the required properties
of the inclusionUM ↪→ GM , the maps r and s, the inversion and the product. Actually,
the present construction is a particular case of the tangent groupoid to a given groupoid
given by [114] and [161]. They remark that, given a smooth groupoid G ⇒ U (in
our case the pair groupoid of M), then if N is the normal bundle to U in G, the
set N × {0} � G × (0, 1] is a smooth groupoid �GU with diagonal U × [0, 1], the
construction (and therefore the correspondence M �→ GM ) being functorial. The
smoothness properties are proved by repeated application of the following elementary
result: if X, X′ be smooth manifolds and Y , Y ′ respective closed submanifolds, and
if f : X → X′ a smooth map such that f (Y ) ⊂ Y ′, then the induced map from �XY
to �X

′
Y ′ is smooth. The detailed proof is given in [22]. See also [147], [148].

6.4 Moyal quantization as a continuity condition

We now apply the Gelfand–Naı̆mark cofunctor to tangent groupoids. A function onGM
is first of all a pair of functions on G′ and G′′ respectively. The first one is essentially
a kernel, the second is the inverse Fourier transform of a function on the cotangent
bundle T ∗M . The condition that both match to give a continuous function on GM is
precisely the quantization rule. For clarity, we consider first the case M = Rn. Let
a(x, ξ) be a function on T ∗Rn. Its inverse Fourier transform is a function on TRn:

F −1a(q, v) = 1

(2π)n

∫
Rn

eiξva(q, ξ) dξ.
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On Rn, the exponentials are given by

x := expq
( 1

2 h̄v
) = q + 1

2 h̄v; y := expq
(− 1

2 h̄v
) = q − 1

2 h̄v. (6.8)

Thus we can solve for (q, v):

q = x + y
2
; v = x − y

h̄
. (6.9)

To the function a we associate the following family of kernels:

ka(x, y; h̄) := h̄−nF −1a(q, v) = 1

(2πh̄)n

∫
Rn

a
(x + y

2
, ξ
)
ei(x−y)ξ/h̄ dξ,

which is just the Moyal quantization formula (6.6). The factor h̄−n is the Jacobian of
the transformation (6.9).

We get the dequantization rule by Fourier inversion:

a(q, ξ) =
∫

Rn

ka(q + 1
2 h̄v, q − 1

2 h̄v) e
ivξ dv.

Here ka is the kernel of the operatorQ(a) of (6.2).

The general Moyal asymptotic morphism. IfM is a Riemannian manifold, we can
now quantize any function a on T ∗M such that F −1a is smooth and has compact
support, say Ka . For h̄0 small enough, the map � of (6.7) is defined on Ka × [0, h̄0).
For h̄ < h̄0, the formulas (6.8), (6.9) must be generalized to a transformation between
TM andM ×M × {h̄} whose Jacobian must be determined. We follow the treatment
in [145]; see also [22] and [147].

Letγq,v be the geodesic onM starting atqwith velocityv, with an affine parameter s,
i.e., γq,tv(s) ≡ γq,v(ts). Locally, we may write

x := γq,v(s),
y := γq,v(−s), with Jacobian matrix

∂(x, y)

∂(q, v)
(s). (6.10)

The Jacobian can be computed from the equations of geodesic deviation [145]. Intro-
duce

J (q, v; s) := s−n
√

det g(γq,v(s))
√

det g(γq,v(−s))
det g(q)

∣∣∣∣∂(x, y)∂(q, v)

∣∣∣∣(s).
This yields a change-of-variables formula:∫
M×M

F(x, y)�(x)�(y) =
∫
M

∫
TqM

F
(
γq,v

( 1
2

)
, γq,v(− 1

2

))
J
(
q, v; 1

2

)
μq(v)�(q).

The general quantization/dequantization recipes are now given by

ka(x, y; h̄) := h̄−nJ−1/2(q, v, 1
2 h̄)F

−1a(q, v),

a(q, ξ) = F
[
J 1/2(q, v, 1

2 h̄) ka(x, y; h̄)
]
,

where (x, y) and (q, v) are related by (6.10) with s = 1
2 h̄.
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One can check that
J (q, v, 1

2 h̄) = 1+O(h̄2);
a long but straightforward computation then shows that we have defined an asymptotic
morphism from C∞c (T ∗M) to K(L2(M)). Moreover the tracial property (6.3b) for
the associated quantization rule is satisfied:

Tr
[
Th̄(a)Th̄(b)

] = ∫
T ∗M

a(u)b(u)μ(u).

The correspondingK-theory map T∗ : K0(T ∗M)→ Z is an analytical index map;
it coincides [161] with the Atiyah–Singer analytical index map [5].

6.5 The hexagon and the analytical index

An essentially equivalent argument is done by Connes in C∗-algebraic language [37,
II.5]. Indeed, given a smooth groupoid G = G′ �G′′ which is a disjoint union of two
smooth groupoids withG′ open andG′′ closed inG, there is a short exact sequence of
C∗-algebras

0−→C∗(G′)−→C∗(G) σ−→C∗(G′′)−→ 0

where σ is the homomorphism defined by restriction from C∞c (G) to C∞c (G′′): it is
enough to notice that σ is continuous for theC∗-norms because one takes the supremum
of ‖πu(a)‖ over the closed subset u ∈ U ′′, and it is clear that ker σ � C∗(G′).

There is a short exact sequence of C∗-algebras

0−→C0(0, 1] ⊗K −→C∗(GM)
σ−→C0(T

∗M)−→ 0

that yields isomorphisms in K-theory:

Kj(C
∗(GM))

σ∗−→Kj(C0(T
∗M)) = Kj(T ∗M), j = 0, 1. (6.11)

This is seen as follows: since C∗(M ×M) =K , the C∗-algebra C∗(G′), obtained by
completing the (algebraic) tensor product C∞c (0, 1] ⊗C∞c (M ×M), is C0(0, 1] ⊗K ,
which is contractible, via the homotopy αt (f ⊗ A) := f (t ·) ⊗ A for f ∈ C0(0, 1],
0 ≤ t ≤ 1; in particular, Kj(C0(0, 1] ⊗K) = 0. Next, we appeal to the six-term
cyclic exact sequence in K-theory of C∗-algebras [189]:

0 = K0(C0(0, 1] ⊗K) −−−−→ K0(C
∗(GM))

σ∗−−−−→ K0(C0(T
∗M))

δ1

*⏐⏐ ⏐⏐�δ0
K1(C0(T

∗M)) σ∗←−−−− K1(C
∗(GM)) ←−−−− K1(C0(0, 1] ⊗K) = 0

The two trivial groups break the circuit and leave the two isomorphisms (6.11).
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The restriction of elements of C∗(G) to the outer boundary M ×M × {1} gives a
homomorphism

ρ : C∗(GM)→ C∗(M ×M × {1}) �K,

and inK-theory this yields a homomorphism ρ∗ : K0(C
∗(GM))→ K0(K) = Z. The

composition ρ∗(σ∗)−1 : K0(T ∗M)→ Z is just the analytical index map.

6.6 Quantization and the index theorem

From the point of view of quantization theory, this is not the whole story. Certainly, in
the previous argument, we could have substituted any interval [0, h̄0] for [0, 1]. But for a
given value of h̄0, not every reasonable function on T ∗M can be successfully quantized.
For exponential manifolds, like flat phase space or the Poincaré disk, everything should
work fine. However, when one tries to apply a similar procedure to compact symplectic
manifolds, one typically finds cohomological obstructions. This is dealt with in [83],
leading back to the standard results in geometric quantization à la Kostant–Kirillov–
Souriau. We are left with the impression that the role of the apparatus of Moyal
quantization in the foundations of noncommutative (topology and) geometry cannot
be fortuitous.

Conversely, one can ask what noncommutative geometry can do for quantization
theory. One has first to agree on the meaning (at least, on the mathematical side) of the
word ‘quantization’. The nearly perfect match afforded by the Moyal machinery in its
particular realm is not to be expected in general. For any symplectic manifold, indeed
for any Poisson manifold [132], some kind of ‘quantum’ deformation or star-product
can always be found. However, in general a Moyal quantizer is missing.

The modern temperament – see, for instance, [88] – is to consider that quantization
is embodied in the index theorem. This dictum goes well with the original meaning
of the word ‘quantization’ in Bohr’s old quantum theory. In the rare instances where
it works well, it appears to give much more information than just a few integers (the
indices of a certain Fredholm operator). Two of the more successful examples of
quantization are Moyal quantization of finite-dimensional symplectic vector spaces
and Kirillov–Kostant–Souriau geometric quantization of flag manifolds. In the latter
case, Vergne [218] (see also [14]) has suggested to replace the concept of polarization,
central to Kostant’s work, by the use of Dirac-type operators – which of course takes
us back to the spectral triples of noncommutative geometry.

The new scheme for quantization runs more or less as follows. LetM be a smooth
manifold endowed with a spinc structure (starting from a symplectic manifold, one can
introduce a compatible almost complex structure in order to produce the spinc structure;
the results only depend weakly of the choice made, since the set of almost complex
structures is contractible). Construct prequantum line bundles L overM according to
the KKS recipe, or some improved version like that of [188]. Let DL be a twisted
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Dirac operator for L. A quantization ofM is the (virtual) Hilbert space

HD,L := kerD+L − kerD−L .

The index theorem gives precisely the (virtual) dimension of such a space. Under
favourable circumstances, we can do better. In the case of flag manifolds, one quantizes
G-bundles and obtains G-Hilbert spaces. Then the G-index theorem gives us the
character of the Kirillov representation associated to L [12], which contains all the
quantum information we seek.

Moyal quantization, on the other hand, is a tool of choice for the proof of the index
theorem, as indicated here. The ‘logical’ (though not the historical) way to go about
the Index Theorem would be to prove it first in the flat case using Moyal quantum
mechanics – see [76] or [83] – and then go to analytically simpler but geometrically
more involved cases. Conversely, one is left with the problem of how to recover the
whole of Moyal theory from the index theorem.

The tangent groupoid construction, which we have given here for compact bound-
aryless manifolds, has been extended to manifolds with boundary in [1], where the
K-theory of an appropriate symbol algebra is also computed.
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Equivalence of geometries

We wish to classify spin geometries and to get some idea of how many geometries
of a given type are available to us. When modelling physical systems that have an
underlying geometry, we naturally wish to select the most suitable geometry from
several plausible candidates. The first question to ask, then, is: when are two spin
geometries the same?

7.1 Unitary equivalence of spin geometries

In order to compare two spin geometries (A,H ,D;�, J ) and (A′,H ′,D′;�′, J ′),
we focus first of all on the algebras A and A′. It is natural to require that these be
isomorphic, that is to say, that there be an involutive isomorphism φ : A→ A′ between
their C∗-algebra closures, such that φ(A) = A′. Since these algebras define spin
geometries only through their representations on the Hilbert spaces, we lose nothing
by assuming that they are the same algebra A. We can also assume that the Hilbert
spaces H and H ′ are the same, so that A acts on H with two possibly different faithful
representations.

One must then match the operator pairs D and D′, etc., on the Hilbert space H .
We are thus led to the notion of unitary equivalence of spin geometries.

Definition 16. Two spin geometries (A,H ,D;�, J ) and (A,H ,D′;�′, J ′) with the
same algebra and Hilbert space are unitarily equivalent if there is a unitary operator
U : H → H such that

(a) UD = D′U , U� = �′U and UJ = J ′U ;

(b) Uπ(a)U−1 ≡ π(σ(a)) for an automorphism σ of A.

By ‘automorphism of A’ is meant a ∗-automorphism of theC∗-algebraA that maps
A into itself. If J ′ = J , we also get

Uπ�(b)U−1 = UJπ(b∗)J−1U−1 = Jπ(σ(b∗))J−1 = Jπ(σ(b)∗)J−1 = π�(σ (b)).
To be sure that this definition is consistent, let us check the following statement:

given a spin geometry (A,H ,D;�, J ) and a unitary operator on H such that
Uπ(A)U−1 = π(A), then (A,H , UDU−1;U�U−1, UJU−1) is also a spin geo-
metry.
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Firstly, π(a) �→ Uπ(a)U−1 =: π(σ(a)) determines an automorphism σ of A,
since π is faithful.

The operator D′ := UDU−1 has the same spectrum as D, so the dimension is
unchanged and Poincaré duality remains valid. The first-order condition is satisfied,
since

[[D′, σ (a)], σ (b)�] = U [[D, a], b�]U−1 = 0.

Also, UπD(c)U−1 = πD′(σ (c)) for c ∈ Cn(A,A⊗A�), where the action of σ on A
and A� is extended to Hochschild cochains in the obvious way. In particular, if c is the
orientation cycle, then

πD′(σ (c)) = U�U−1 = � or πD′(σ (c)) = UU−1 = 1,

according as the dimension is even or odd. Thus σ(c) is the orientation cycle for
(A,H , UDU−1;U�U−1, UJU−1), too.

For the finiteness property, the space of smooth vectors H ′∞ = ⋂
k Dom(D′)k

equals UH∞, and we may define (Uξ | Uη)′ := σ(ξ | η) for ξ, η ∈ H∞. This is the
appropriate hermitian pairing on H ′∞, since (3.7) shows that∫
− σ(a) (Uξ | Uη)′ |D′|−n =

∫
− Ua(ξ | η)U−1|D′|−n =

∫
− Ua(ξ | η)|D|−nU−1

=
∫
− a(ξ | η)|D|−n = 〈η | aξ〉 = 〈Uη | σ(a)Uξ〉.

Unitary equivalence of toral geometries. Let us now consider the effect of the hy-
perbolic automorphism (4.6) of the algebra Aθ on the spin geometry T2

θ,τ constructed
in Chapter 4.

The mapping a �→ σ(a) determined by σ(u) := uavb, σ(v) := ucvd extends to
a unitary operator Uσ on H0 = L2(Aθ , τ ), since it just permutes the orthonormal
basis {umvn : m, n ∈ Z} (while each basis vector is also multiplied by a phase factor
of absolute value 1). Let U = Uσ ⊕ Uσ be the corresponding unitary operator on
H = H+⊕H−; it is evident thatUπ(a)U−1 = π(σ(a)) for a ∈ Aθ . By construction,
U� = �U . Also, UJ = JU on account of UσJ0a = Uσa

∗ = σ(a)∗ = J0Uσa

because σ is a ∗-isomorphism.
The inverse-length operator transforms as

Dτ = −i
(

0 −∂†
τ

∂τ 0

)
�−→ UDτU

−1 = −i
(

0 −∂̃†
τ

∂̃τ 0

)

where ∂̃τ = Uσ∂τU−1
σ corresponds to ∂̃τ = σ � ∂τ � σ−1 on Aθ . Since

σ−1(u) = λbd(a−c−1)/2udv−b, σ−1(v) = λac(d−b−1)/2u−cva,
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we get at once ∂̃τ u = 2πi(d − bτ)u, ∂̃τ v = 2πi(aτ − c)v. Since ∂τ = δ1 + τδ2, we
arrive at

∂̃τ = (d − bτ) δ1 + (aτ − c) δ2.
This is tantamount to replacing τ by σ−1 - τ = (aτ − c)/(d− bτ) in the definition

of Dτ , together with a rescaling in order to preserve the area given by the orientation
cycle (4.12). It is easy to check that 〈φ, c〉 = 〈φ, σ(c)〉 owing to ad − bc = 1. Here
σ−1 - τ denotes the action of the element σ−1 = (

d −b−c a

) ∈ SL(2,Z) on the upper
half-plane by Möbius transformations. Notice that the elliptic curves with period pairs
(1, τ ) and (d − bτ, aτ − c) have period parallelograms of the same area.

Thus, for each spin geometry T2
θ,τ , there is a family of unitarily equivalent geome-

tries T2
θ,σ−1-τ , for σ ∈ SL(2,Z). We thereby obtain a family of spin geometries over

Aθ , parametrized up to unitary equivalence by the fundamental domain of the modular
group PSL(2,Z).

Action of inner automorphisms. On any spin geometry (A,H ,D;�, J ), there is
an action by inner automorphisms of the algebra A. If u is a unitary element of the
algebra A, i.e., u∗u = uu∗ = 1, consider the unitary operator on H given by

U := π(u)π�(u−1) = uJuJ † = JuJ †u.

If a ∈ A, then UaU−1 = uau−1 since JuJ † commutes with a, so U implements the
inner automorphism σu(a) := u a u−1. Next, J 2 = ±1 implies that

UJ = uJu = ±uJ †u = J 2uJ †u = JU.
In the even case, � commutes with π(u) and π�(u−1), so that U� = �U , too.

The given geometry is thus unitarily equivalent to (A,H , uD;�, J ), where

uD := UDU∗ = JuJ †uDu∗Ju∗J † = JuJ †(D + u [D,u∗])Ju∗J †

= JuJ †DJu∗J † + u [D,u∗] = D + JuJ †[D, Ju∗J †] + u [D,u∗]
= D + u [D,u∗] ± Ju [D,u∗]J †.

(7.1)

Here we have used the first-order condition and the relation JD = ±DJ ; the latter
gives the± sign on the right hand side, which is negative iff n ≡ 1 mod 4. Notice that
the operator u[D,u∗] = uDu∗ −D is bounded and selfadjoint in L(H).

7.2 Morita equivalence and connections

The unitary equivalence of spin geometries helps to eliminate obvious redundancies,
but it is by no means the only way to compare geometries. For one thing, the metric
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distance (1.8) is unchanged – if we think of the right hand side of (1.8) as defining the
distance between pure states p̂, q̂ of the algebra A.

We need a looser notion of equivalence between spin geometries that allows to
vary not just the operator data but also the algebra and the Hilbert space. Here the
Morita equivalence of algebras gives us a clue as to how to proceed. We can change
the algebra A to a Morita-equivalent algebra B, which also involves changing the
representation space according to well-defined rules. How should we then adapt the
remaining data �, J andD, in order to obtain a Morita equivalence of spin geometries?

We start with any spin geometry (A,H ,D;�, J ) and a finitely generated projective
right A-module E (recall that we are assuming that the algebra A is unital.) Using
the representation π : A→ L(H) and the antirepresentation π� : b �→ Jπ(b∗)J †, we
can regard the space H as an A-bimodule. This allows us to introduce the vector space

H̃ := E ⊗A H ⊗A E . (7.2)

If E = pAm, then E = Amp and H̃ = π(p)π�(p)[H ⊗Mm(C)], so that H̃ becomes
a Hilbert space under the scalar product

〈r ⊗ η ⊗ q | s ⊗ ξ ⊗ t 〉 := 〈η | π(r | s) π�(t | q) ξ〉.
If H = H+ ⊕ H− is Z2-graded, there is a corresponding Z2-grading of H̃ . The
antilinear correspondence s �→ s between E and E also gives an obvious way to
amplify J to H̃ :

J̃ (s ⊗ ξ ⊗ t ) := t ⊗ Jξ ⊗ s. (7.3)

Let B = E ⊗A E be the algebra of ket-bras (1.2); recall that E is a left B-module
and the action of B on E commutes with the right action of A. Then

ρ(b) : s ⊗ ξ ⊗ t �−→ b s ⊗ ξ ⊗ t
yields a representation ρ of B on H̃ , and an antirepresentation

ρ�(b) := J̃ ρ(b∗)J̃ † : s ⊗ ξ ⊗ t �−→ s ⊗ ξ ⊗ t b,
where t b := b∗t , of course. The actions ρ, ρ� of B on H̃ obviously commute.

Where connections come from. The nontrivial part of the construction of the new
spin geometries (B, H̃ , D̃; �̃, J̃ ) is the determination of an appropriate operator D̃
on H̃ . Guided by the differential properties of Dirac operators, the most suitable
procedure is to postulate a Leibniz rule:

D̃(s ⊗ ξ ⊗ t ) := (∇s)ξ ⊗ t + s ⊗Dξ ⊗ t + s ⊗ ξ(∇t), (7.4)

where ∇s, ∇t belong to some space whose elements can be represented on H by
suitable extensions of π and π�.
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Consistency of (7.4) with the actions of A on E and H demands that∇ itself comply
with a Leibniz rule. Since sa ⊗ ξ ⊗ t = s ⊗ aξ ⊗ t for a ∈ A, (7.4) entails

∇(sa)ξ ⊗ t + s ⊗ a Dξ ⊗ t = (∇s)aξ ⊗ t + s ⊗D aξ ⊗ t,

so we infer that

∇(sa) = (∇s) a + s ⊗ [D, a], (7.5)

or more precisely, ∇(sa) = (∇s)π(a)+ s ⊗ [D,π(a)] as operators on H .
To satisfy these requirements, we introduce the space of bounded operators

�1
D := span{a [D, b] : a, b ∈ A} ⊆ L(H),

which is evidently an A-bimodule under the actions c - a [D, b] := ca [D, bc] and
a [D, b].c := a [D, bc]−ab [D, c]. The notation�1

D is chosen to remind us of differ-
ential 1-forms; for the commutative spin geometry (C∞(M), L2(M, S),D/ ; γ (χ), J ),
we indeed get

�1
D/
= {γ (α) : α ∈ A1(M)},

i.e., conventional 1-forms onM , represented on spinor space as Clifford multiplication
operators.

Definition 17. We can now form the right A-module E ⊗A�
1
D . A connection on E is

a linear mapping

∇ : E → E ⊗A �
1
D

that satisfies the Leibniz rule (7.5).

It is worth mentioning that only projective modules admit connections [58]. In the
present case, if we define linear maps

0−→ E ⊗A �
1
D

j−→ E ⊗C A
m−→ E −→ 0

by j (s [D, a]) := sa ⊗ 1− s ⊗ a and m(s ⊗ a) := sa, we get a short exact sequence
of right A-modules (think of E ⊗C A as a free A-module generated by a vector-
space basis of E ). Any linear map ∇ : E → E ⊗A �

1
D gives a linear section of m by

f (s) := s⊗ 1− j (∇s). Then f (sa)−f (s)a = j (s [D, a]−∇(sa)+ (∇s)a), so f is
an A-module map precisely when ∇ satisfies the Leibniz rule (7.5). If that happens, f
splits the exact sequence and embeds E as a direct summand of the free A-module
E ⊗C A, so E is projective.
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Hermitian connections. The operator D̃must be selfadjoint on H̃ . If ξ, η ∈ Dom(D),
we get

〈r ⊗ η ⊗ q | D̃(s ⊗ ξ ⊗ t )〉 = 〈η | πD(r | ∇s) π�(t | q) ξ〉
+ 〈η | π(r | s) π�(t | q)Dξ〉
+ 〈η | π(r | s) π�D(∇t | q) ξ〉,

〈D̃(r ⊗ η ⊗ q) | s ⊗ ξ ⊗ t 〉 = 〈η | πD(∇r | s) π�(t | q) ξ〉
+ 〈Dη | π(r | s) π�(t | q) ξ〉
+ 〈η | π(r | s) π�D(t | ∇q) ξ〉.

This reduces to the condition that

(r | ∇s)− (∇r | s) = [D, (r | s)] for all r, s ∈ E . (7.6)

where the first-order condition ensures commutation of πD(�1
D) with π�(A).

We say that the connection ∇ is Hermitian (with respect to D) if (7.6) holds. The
minus sign is due to the presence of the selfadjoint operator D, while a skewadjoint
differential operator is used in the standard definition of a metric-preserving connection
[12], [149].

To sum up: two spin geometries (A,H ,D;�, J ) and (B, H̃ , D̃; �̃, J̃ ) are Morita
equivalent if there exist a finitely generated projective right A-module E and an �1

D-

valued Hermitian connection ∇ on E , such that: B = E ⊗A E , H̃ and �̃ are given
by (7.2), J̃ by (7.3), and D̃ by (7.4).

7.3 Vector bundles over noncommutative tori

The finitely generated projective modules over the irrational rotation C∗-algebra Aθ
were defined in [32] and fully classified in [182]. (Actually, [182] also constructs
vector bundles over T2 that represent distinct classes in K0(C

∞(T2)) � Z ⊕ Z; but
the projective modules so obtained are unlike those of the irrational case.) To describe
the latter, we return to the Weyl operators (4.1). The translation and multiplication
operators Wθ(a, 0) and Wθ(0, b) are generated by i d/dt and t ; the space of smooth
vectors for these derivations is the Schwartz space S(R). Clearly S(R) is a left Aθ -
module under the action given by

u - ψ = Wθ(1, 0)ψ : t �→ ψ(t − 1)

v - ψ = Wθ(0, 1)ψ : t �→ e2πiθt ψ(t).
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But it can also be made a right Aθ -module by making the generators act in another
way. If p is any integer, we can define

ψ . u := Wθ(p − θ, 0)ψ : t �→ ψ(t − p + θ),
ψ . v := Wθ(0, 1/θ)ψ : t �→ e2πit ψ(t).

Therefore

ψ . vu = e−πi(p−θ)Wθ(p − θ, 1/θ)ψ, ψ . uv = e+πi(p−θ)Wθ(p − θ, 1/θ)ψ,
thusψ .vu = e2πiθψ .uv. Since the generators act compatibly with the commutation
relation (4.3), this defines a right action of Aθ on S(R). This right module will be
denoted Ep.

One can define more Aθ -modules by a simple trick. Let q be a positive integer;
the Weyl operators act on S(Rq) = S(R)⊗Cq asWθ(a, b)⊗ 1q . If z ∈ Mq(C) is the
cyclic shift (x1, . . . , xq) �→ (x2, . . . , xq, x1) and w ∈ Mq(C) is the diagonal operator
(x1, . . . , xq) �→ (ζx1, ζ

2x2, . . . , xq) for ζ := e2πi/q , then zw = e2πi/qwz, so that the
maps

ψ . u := (
Wθ(

p
q
− θ, 0)⊗ zp)ψ, ψ . v := (

Wθ(0, 1
θ
)⊗ w)ψ

satisfy ψ . vu = λψ . uv with λ = e2πi(θ−p/q)e2πip/q = e2πiθ . This right action of
Aθ on S(Rq) defines a right module Ep,q .

It turns out that the free modules Am
θ and these Ep,q (with p, q ∈ Z, q > 0)

are mutually nonisomorphic and any finitely generated projective right Aθ -module is
isomorphic to one of them. It is perhaps not obvious that the Ep,q are finitely generated
and projective. This is proved in [182], using the following Hermitian pairing [55] that
makes Ep,q a pre-C∗-module over Aθ :

(φ | ψ) :=∑
r,s u

rvs 〈φ . urvs | ψ〉L2(Rq ) for φ,ψ ∈ S(Rq),

where the coefficients, in the case q = 1, are:

〈φ . urvs | ψ〉L2(R) =
∫

R

e−2πist φ̄(t − r(p − θ))ψ(t) dt. (7.7)

We shall soon verify projectivity in another way, by introducing connections.

The Morita equivalent algebras. To reduce notational complications, we take q = 1.
The ket-bra algebra B := Ep ⊗Aθ Ep is generated by Weyl operators that commute
with Wθ(p − θ, 0) and Wθ(0, 1/θ). In view of (4.2), we can take as generators the
operators

U := Wθ(1, 0), V := Wθ(0, 1/θ(p − θ)).
Then VU = μUV where μ = e2πi/(p−θ), so that B � A1/(p−θ).
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For the simplest case p = 0, q = 1, we see that

Uψ(t) = ψ(t − 1), V ψ(t) = e−2πit/θ ψ(t), (7.8)

so that Aθ and A−1/θ are Morita equivalent via E0.
It is known [179] that Aθ and Aφ are Morita equivalent if and only if either φ

or −φ lies in the orbit of θ under the action of SL(2,Z), i.e., if and only if ±φ =
(aθ+b)/(cθ+d). The proof isK-theoretic: since τ∗(K0(Aθ )) = Z+Zθ , a necessary
condition is that Z + Zφ = r(Z + Zθ) for some r > 0. Sufficiency is proved by
exhibiting an appropriate equivalence bimodule Ep,q .

7.4 Morita-equivalent toral geometries

Let us now construct a Hermitian connection∇ (with respect toDτ ) on the Aθ -module
E0 = S(R). For that, we must first determine the bimodule �1

Dτ
. Clearly

π(a) [Dτ , π(b)] = −i
(

0 −a ∂∗τ b
a ∂τ b 0

)
,

so that �1
Dτ
� Aθ ⊕Aθ as Aθ -bimodules. Thus E0 ⊗A �

1
Dτ
� E0 ⊕ E0.

Therefore, ∇ψ = (∇′ψ,∇′′ψ) where ∇′, ∇′′ are two derivations on S(R). The
corresponding Leibniz rules are given by (7.5):

∇′(ψ . a) = (∇′ψ) . a − i ψ . ∂τ a, ∇′′(ψ . a) = (∇′′ψ) . a + i ψ . ∂∗τ a.
This implies that∇′ = −i(∇1+τ ∇2) and∇′′ = −i(∇1+ τ̄ ∇2), where∇1,∇2 comply
with Leibniz rules involving the basic derivations:

∇j (ψ . a) = (∇jψ) . a + ψ . δja, j = 1, 2,

and it is enough to check these relations for a = u, v.
It will come as no surprise that ∇1 and ∇2 are just the position and momentum

operators of quantum mechanics, up to a factor iθ/2π ; in fact,

∇1ψ(t) := −2πit

θ
ψ(t), ∇2ψ(t) := ψ ′(t). (7.9)

One immediately checks that, as required:

∇1(ψ . u)− (∇1ψ) . u = [t �→ 2πi ψ(t + θ)] = ψ . δ1u,
∇1(ψ . v)− (∇1ψ) . v = 0 = ψ . δ1v,
∇2(ψ . u)− (∇2ψ) . u = 0 = ψ . δ2u,
∇2(ψ . v)− (∇2ψ) . v = [t �→ 2πi e2πitψ(t)] = ψ . δ2v.
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Thus ∇ is a connection satisfying (7.5) with D = Dτ .
To see that ∇ is Hermitian, it is enough to note that (7.6) reduces to

(φ | ∇′ψ)− (∇′′φ | ψ) = −i ∂τ (φ | ψ) for φ,ψ ∈ S(R),

or equivalently,

(φ | ∇jψ)+ (∇jφ | ψ) = δj (φ | ψ), j = 1, 2, (7.10)

where the Aθ -valued Hermitian pairing on S(R) is the special case of (7.7):

(φ | ψ) :=
∑
r,s

ars u
rvs, ars :=

∫
R

e−2πist φ̄(t + rθ) ψ(t) dt.

This can be verified by direct calculation. For instance, when j = 2, the left hand side
of (7.10) is computed with an integration by parts:

∑
r,s

urvs
∫

R

e−2πist d

dt

(
φ̄(t + rθ)ψ(t)) dt =∑

r,s

2πis ars u
rvs = δ2(φ | ψ).

The spin geometry on A−1/θ . We take stock of the new spin geometry. Its algebra

is A−1/θ , with generators U , V of (7.8). The Hilbert space is Z2-graded, with H̃+ =
E0 ⊗A H+ ⊗A E0, that we can identify with L2(A−1/θ , τ ). Under this identification,
J̃ becomes a �→ a∗, as before.

It remains to identify the operator D̃, whose general form has been determined in
Chapter 4. We find that [D̃, U ](ψ ⊗ ξ ⊗ φ̄ ) = ([∇, U ]ψ) ξ ⊗ φ̄ for ψ, φ ∈ S(R),
ξ ∈ H , where

[∇, U ] =
(

0 [∇′′, U ]
[∇′, U ] 0

)
.

It is immediate from the definitions (7.8), (7.9) that

[∇1, U ] = −2πi

θ
U = −1

θ
δ1U, [∇2, V ] = −2πi

θ
V = −1

θ
δ2V.

and [∇1, V ] = [∇2, U ] = 0. Thus

D̃ = i

θ

(
0 −∂†

τ

∂τ 0

)
.

Setting aside the scale factor −1/θ , we see that the modulus τ is unchanged. We
conclude that the geometries T2

θ,τ and T2−1/θ,τ are Morita equivalent.
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7.5 Gauge potentials

We may ask what Morita equivalence entails when the algebra A is unchanged, and the
equivalence bimodule is A itself. Regarded as a right A-module, A carries a standard
Hermitian connection with respect to D, namely

AdD : A→ �1
D, b �→ [D, b].

By the Leibniz rule (7.5), any connection differs from AdD by an element of �1
D:

∇b =: [D, b] + Ab, (7.11)

where
A :=∑

j aj [D, bj ] (finite sum)

lies in �1
D . We call it a gauge potential if it is selfadjoint: A∗ = A. Hermiticity of the

connection for the pairing (a | b) := a∗b demands that a∗ ∇b − (∇a)∗b = [D, a∗b],
that is, a∗(A − A∗)b = 0 for all a, b ∈ A, so a Hermitian connection on A is indeed
given by a gauge potential A.

On substituting the connection (7.11) in the recipe (7.4) for an extended Dirac
operator, one obtains

D̃(bξ) = ([D, b] + Ab)ξ + bDξ ± bJ (∇1)J †ξ

= (D + A± JAJ †)(bξ),
(7.12)

with the same sign are as in (7.1), that is, negative if and only ifn ≡ 1 mod 4. Therefore,
the gauge transformation

D �−→ D + A± JAJ †

yields a spin geometry that is Morita-equivalent to the original. Another way of saying
this is that the spin geometries whose other data (A,H , �, J ) are fixed form an affine
space modelled on the selfadjoint part of �1

D .
Notice that the inner automorphisms of (7.1) yield a special case of (7.12), with A =

u [D,u∗]. These and some more general gauge transformations are discussed in [40],
[150], [192], [193] as ‘fluctuations of the metric’ on an underlying noncommutative
manifold.

In summary, we have shown how the classification of spin geometries up to Morita
equivalence allows a first-order differential calculus to enter the picture, via the Her-
mitian connections. In the next section, we shall explore the various spin geometries
on a noncommutative manifold from a variational point of view.
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Action functionals

On a differential manifold, one may use many Riemannian metrics; on a spin manifold
with a given Riemannian metric, there may be many distinct (i.e., unitarily inequivalent)
spin geometries. An important task, already in the commutative case, is to select, if
possible, a particular geometry by some general criterion, such as minimization of an
action functional, a time-honoured tradition in physics. In the noncommutative case, the
minimizing geometries are often not unique, leading to the phenomenon of spontaneous
symmetry breaking [71], an important motivation for physical applications.

8.1 Algebra automorphisms and the metric

In this chapter, we fix the data (A,H , �, J ) of a spin geometry and consider how the
inverse-distance operator D may be modified by automorphisms of the algebra A.

The point at issue is that the automorphism group of the algebra is just the non-
commutative version of the group of diffeomorphisms of a manifold. For instance,
if A = C∞(M) for a compact smooth manifold M , and if α ∈ Aut(A), then each
character x̂ of A is the image under α of a unique character ŷ (that is, α−1(x̂) is also
a character, so it equals ŷ for some y ∈ M). Write φ(x) := y; then φ is a continuous
bijection on M satisfying α(f )(x) = f (φ−1(x)), and the chain rule for derivatives
shows that φ is itself smooth and hence is a diffeomorphism ofM . In fine, α ↔ φ is a
group isomorphism from Aut(C∞(M)) onto Diff(M).

On a noncommutative ∗-algebra, there are many inner automorphisms

σu(a) := u a u−1,

where u lies in the unitary group U(A); these are of course trivial when A is com-
mutative. We adopt the attitude that these inner automorphisms are henceforth to be
regarded as ‘internal diffeomorphisms’ of our algebra A.

Already in the commutative case, diffeomorphisms change the metric on a manifold.
To select a particular metric, some sort of variational principle may be used. In general
relativity, one works with the Einstein–Hilbert action

IEH ∝
∫
M

s(x)
√
g(x) dnx =

∫
M

s(x)�,

where s is the scalar curvature of the metric g, in order to select a metric minimizing
this action. In Yang–Mills theories of particle physics, the bosonic action functional is
of the form IYM ∝

∫
F(�F ) where F is a gauge field, i.e., a curvature 2-form.
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The question then arises as to what is the general prescription for appropriate action
functionals in noncommutative geometry.

Inner automorphismsandgaugepotentials. Recall how inner automorphisms act on
spin geometries: if u is a unitary element of A, the operator U := uJuJ † implements
a unitary equivalence (7.1) between the spin geometries determined by D and by

uD = D + u[D,u∗] ± Ju[D,u∗]J †.

More generally, any selfadjoint A ∈ �1
D gives rise to a Morita equivalence (7.12)

between the geometries determined by D and by D + A± JAJ †.
It is important to observe that these gauge transformations are trivial when the

geometry is commutative. Recall, from Chapter 3 that this means that A is commutative
and that π�(b) = π(b): the charge conjugation J on spinors intertwines multiplication
by a function with multiplication by its complex conjugate. Therefore we can write
a = Ja∗J † in this case. But then, the first-order property entails

Ja[D, b]J † = a∗J [D, b]J † = J [D, b]J †a∗

= [JDJ †, J bJ †]a∗ = ±[D, b∗]a∗ = ∓(a[D, b])∗
since JDJ † = ±D. Hence JAJ † = ∓A∗ for A ∈ �1

D , and thus A±JAJ † = A−A∗;
for a selfadjoint gauge potential, A± JAJ † vanishes.

As pointed out in [159], this means that, within our postulates, a commutative
manifold could support gravity but not electromagnetism; in other words, even to get
abelian gauge fields we need that the underlying manifold be noncommutative!

8.2 The fermionic action

In the Standard Model of particle physics, the following prescription defines the
fermionic action functional:

IF (ξ,A) := 〈ξ | (D + A± JAJ †)ξ〉 (8.1)

(with the same ± sign as before). Here ξ may be interpreted as a multiplet of spinors
representing elementary particles and antiparticles [37], [159], [194].

The gauge group U(A) acts on potentials in the following way. If u ∈ A is unitary
and if ∇ = AdD +A is a Hermitian connection (7.11), then so also is

u∇u∗ = uAdD u
∗ + uAu∗ = AdD +u[D,u∗] + uAu∗,
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so that uA := uAu∗ +u[D,u∗] is the gauge-transformed potential. WithU = uJuJ †,
we get UAU−1 = uAu−1 since JuJ † commutes with �1

D , and so

D + uA± J uAJ † = D + u[D,u∗] ± Ju[D,u∗]J † + uAu∗ ± JuAu∗J †

= U(D + A± JAJ †)U−1.

The gauge invariance of (8.1) under the group U(A) is now established by

IF (Uξ,
uA) = 〈Uξ |(D+ uA±J uAJ †)Uξ〉 = 〈Uξ |U(D+A±JAJ †)ξ〉 = IF (ξ,A).

A remark on curvature. InYang–Mills models, the fermionic action is supplemented
by a bosonic action that is a quadratic functional of the gauge fields or curvatures
associated to the gauge potential A. One may formulate the curvature of a connection
in noncommutative geometry and obtain a Yang–Mills action; indeed, this is the main
component of the Connes–Lott models [50]. One can formally introduce the curvature
as F := dA+ A2, where the notation means

dA :=∑
j [D, aj ] [D, bj ] whenever A =∑

j aj [D, bj ]. (8.2)

Regrettably, this definition is flawed, since the first sum may be nonzero in cases
where the second sum vanishes [37, VI.1]. For instance, in the commutative case,
a [D/ , a] − [

D/ , 1
2a

2
] = −i γ (a da − d( 1

2a
2
)) = 0 but [D/ , a] [D/ , a] = −γ (da)2 =

−(da | da) < 0 in general. If we push ahead anyway, we can make a formal check
that F transforms under the gauge group U(A) by uF = uFu∗. Indeed,

d( uA) = [D,u] [D,u∗] +∑
j [D,uaj ] [D, bju∗] −

∑
j [D,uajbj ] [D,u∗]

= [D,u] [D,u∗] + [D,u]Au∗ − uA[D,u∗] +∑
j u[D, aj ] [D, bj ]u∗,

while, using the identity u[D,u∗]u = −[D,u], we get

( uA)2 = u[D,u∗]u[D,u∗] + u[D,u∗]uAu∗ + uA[D,u∗] + uA2u∗

= −[D,u] [D,u∗] − [D,u]Au∗ + uA[D,u∗] + uA2u∗,

and consequently,

uF := d( uA)+ ( uA)2 = u(dA+ A2)u∗ = uFu∗.
Provided that the definition (8.2) can be corrected, one can then define a gauge-invariant
action [100] as the symmetrized Yang–Mills type functional

IB(A) :=
∫
−(F+ JFJ †)2 dsn =

∫
−(F+ JFJ †)2 |D|−n,

because the noncommutative integral is a trace, so that∫
−( uF+ J uFJ †)2 | uD|−n =

∫
− U(F+ JFJ †)2 |D|−nU∗ =

∫
−(F+ JFJ †)2 |D|−n.
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The ambiguity in (8.2) can be removed by introducing the A-bimodule (�1
D)

2/J2,
where the subbimodule J2 consists of the so-called ‘junk’ terms

∑
j [D, aj ] [D, bj ] for

which
∑
j aj [D, bj ] = 0. Then, by redefining F as the orthogonal projection of dA+A2

on the orthogonal complement of J2 in (�1
D)

2, one gets a well-defined curvature and
the noncommutative integral of its square gives the desired Yang–Mills action.

8.3 The spectral action principle

ThisYang–Mills action, evaluated on a suitable spin geometry, achieves the remarkable
feat of reproducing the classical Lagrangian of the Standard Model. This is discussed
at length in [37, VI] and in several other places [18], [24], [118], [130], [159], [192].
However, its computation leads to fearsome algebraic manipulations and very deli-
cate handling of the junk terms, leading one to question whether this action is really
fundamental.

The seminal paper [40] makes an alternative proposal. The unitary equivalence
D �→ D+u[D,u∗]±Ju[D,u∗]J † is a perturbation by internal diffeomorphisms, and
one can regard the Morita equivalenceD �→ D+A± JAJ † as an internal fluctuation
of D. The correct bosonic action functional should not merely be diffeomorphism
invariant – where by diffeomorphisms we mean automorphisms of A – that is to say,
‘of purely gravitational nature’, but one can go further and ask that it be spectrally
invariant. As stated unambiguously by Chamseddine and Connes [26]:

“The physical action only depends upon sp(D).”

The fruitfulness of this viewpoint has been exemplified by Landi and Rovelli [141],
[142], [211], who consider the eigenvalues of the Dirac operator as dynamical variables
for general relativity.

Since quantum corrections must still be provided for [2], [3], the particular action
chosen should incorporate a cutoff scale  (roughly comparable to inverse Planck
length, or Planck mass, where the commutative spacetime geometry must surely break
down), and some suitable cutoff function: φ(t) ≥ 0 for t ≥ 0 with φ(t) = 0 for t 0 1.
Therefore, Chamseddine and Connes proposed a bosonic action of the form

Bφ(D) = Tr φ(D2/ 2). (8.3)

This spectral action turns out to include not only the Standard Model bosonic action but
also the Einstein–Hilbert action for gravity, plus some higher-order gravitational terms,
thereby establishing it firmly as an action for an effective field theory at low energies.
We refer to [26], [116], see also [27], for the details of how all these terms emerge in the
calculation. Most of them can also be recovered by an alternative procedure involving
Quillen’s superconnections [85], which seems to suggest that the Chamseddine–Connes
action is in the nature of things.
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Here we limit ourselves to the computational task of explaining the general method
of extracting such terms from (8.3), by a spectral asymptotic development in the cutoff
parameter  .

8.4 Spectral densities and asymptotics

We consider the general problem of providing the functional (8.3) with an asymptotic
expansion as  → ∞, without prejudging the particular cutoff function φ. In any
case, as we shall see, the dependence of the final results on φ is very weak. There is, of
course, a great deal of accumulated experience with the related heat kernel expansion for
pseudodifferential operators [6], [96], [217]. One can adapt the heat kernel expansion to
develop (8.3), under the tacit assumption that φ is a Laplace transform [26]. However,
we take a more direct route, avoiding the detour through the heat kernel expansion.

The basic idea, expounded in detail in [80], see also [81] and [104, Sec. 7.4], is
to develop distributional asymptotics directly from the spectral density of the positive
selfadjoint operator A = D2. If the spectral projectors of A are {E(λ) : λ ≥ 0}, the
spectral density is the derivative

δ(λ− A) := dE(λ)
dλ

,

which makes sense as a distribution with operatorial values in L(H∞,H). For in-
stance, when A has discrete spectrum {λj } (in increasing order) with a corresponding
orthonormal basis of eigenfunctions uj , then

E(λ) =
∑
λj≤λ

|uj 〉〈uj |, and so dA(λ) =
∞∑
j=1

|uj 〉〈uj | δ(λ− λj ).

A functional calculus may be defined by setting

f (A) :=
∫ ∞

0
f (λ) δ(λ− A) dλ.

For further details of this calculus and the conditions for its validity, we refer to [79],
[80], [104].

Spectral densities of pseudodifferential operators. The algebra of the Standard
Model spectral triple is of the form C∞(M) ⊗ AF , where M is a compactified
(Euclidean) spacetime and AF is an algebra with a finite basis; in fact, AF = C⊕H⊕
M3(C), acting on a spinor multiplet spaceL2(M, S)⊗HF � L2(M, S⊗HF ) through a
finite-dimensional real representation [192]. This particular finite-dimensional algebra
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is selected almost uniquely by the physical properties of the known particle spectrum
[119], [136], [193]. The operator D is of the form D/ ⊗ 1+ γ5 ⊗DF , where DF is a
matrix of Yukawa mass terms and D/ is the Dirac operator on the spinor space of M .
The Lichnerowicz formula (2.10) givesD/ 2 = �S+ 1

4 s, where s is the scalar curvature.
After incorporating the terms from DF , one finds [26], [116] that D2 is a generalized
Laplacian [12] with matrix-valued coefficients. Thus the task is to compute an expan-
sion for (8.3) under the assumption that A = D2 is a pseudodifferential operator of
order 2.

Suppose, then, that A is a positive, elliptic, (scalar) classical pseudodifferential
operator of order d on an n-dimensional manifold M . If A has the symbol σ(A) =
a(x, ξ) in local coordinates, we ask what the symbol σ(δ(λ− A)) might be. When A
has constant coefficients, the symbol of Ak is just

a(x, ξ)k =
∫ ∞

0
λk δ(λ− a(x, ξ)) dλ,

so δ(λ−a(x, ξ)) is the symbol of δ(λ−A) in that particular case. In general, the symbol
of Ak depends also on the derivatives of a(x, ξ), so we arrive at the prescription [80]:

σ
(
δ(λ− A)) ∼ δ(λ− σ(A))− q1 δ

′(λ− σ(A))+ q2 δ
′′(λ− σ(A))

− · · · + (−1)kqk δ
(k)(λ− σ(A))+ · · · as λ→∞. (8.4)

By computing
∫
λk σ (δ(λ− A)) dλ for k = 0, 1, 2, . . . , we get q1 = 0, and

q2(x, ξ) = 1
2

(
σ(A2)− σ(A)2), q3(x, ξ) = 1

6

(
σ(A3)− 3σ(A2)σ (A)+ 2σ(A)3

)
,

and so on. The order of the symbol q2 is ≤ (2d − 1), the order of q3 is ≤ (3d − 2).

Cesàro calculus. An important technical issue is how to interpret the distributional
development (8.4). On subtracting the first N terms on the right from the left hand
side, one needs a distribution that falls off like λαN as λ→∞, with exponents αN that
decrease to −∞. It turns out that this holds, in a Cesàro-averaged sense [78], [80],
[81]. A distribution f is said to be of order λα at infinity, in the Cesàro sense, and we
write

f (λ) = O(λα) (C) as λ→∞,
if for some N , there is a function fN whose N th derivative is f and a polynomial pN
of degree < N , such that fN(λ) = pN(λ)+O(λα+N) as λ→∞.

If
∑∞
n=1 an is a Cesàro-summable series, then f (λ) := ∑∞

n=1 an δ(λ − n) is a
distribution satisfying ∫ ∞

0
f (λ) dλ ∼

∞∑
n=1

an (C).
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If A has symbol a(x, ξ) by (5.7), then Au(x) = ∫
kA(x, y)u(y) d

ny, where the
integral kernel is the distribution given in local coordinates by

kA(x, y) := (2π)−n
∫
ei(x−y)·ξ a(x, ξ) dnξ.

In particular, on the diagonal,

kA(x, x) = (2π)−n
∫
a(x, ξ) dnξ.

The kernel for the spectral density δ(λ− A) is then given on the diagonal by

dA(x, x; λ) ∼ (2π)−n
∫ [
δ(λ− a(x, ξ))+ q2(x, ξ) δ

′′(λ− a(x, ξ))− · · · ] dnξ (C).

(8.5)
By functional calculus, the action functional (8.3) may then be expressed as

Tr φ(D2/ 2) =
∫
M

∫ ∞

0
φ(λ/ 2) tr dD2(x, x; λ) dλ

√
g(x) dnx,

provided one learns the trick of integrating a Cesàro development to get a parametric
development in t =  −2 as t ↓ 0.

Parametric developments. Some distributions have zero Cesàro expansion, namely
those f for which f (λ) = o(λ−∞) (C) as |λ| → ∞. These coincide with the dual
space K ′ of the space K of GLS symbols [106]: elements of K are smooth functions φ
such that for some α, φ(k)(λ) = O(|λ|α−k) as |λ| → ∞. The space K includes all
polynomials, so any f ∈K ′ has momentsμk :=

∫
λkf (λ) dλ of all orders. Indeed, K ′

is precisely the space of distributions that satisfy the moment asymptotic expansion [81]:

f (σλ) ∼
∞∑
k=0

(−1)kμk δ(k)(λ)

k! σk+1 as σ →∞.

This a parametric development of f (λ). A more general distribution may have a
Cesàro expansion in falling powers of λ:

f (λ) ∼
∑
k≥1

ckλ
αk (C) as λ→∞,

and the corresponding parametric development is of the form [81]:

f (σλ) ∼
∑
k≥1

ck(σλ)
αk +

∑
m≥0

(−1)mμm δ(m)(λ)

m! σm+1 as σ →∞. (8.6)
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(This is an oversimplification, valid only if no αk is a negative integer: the general case
is treated in [81] and utilized in [80].)

The moral is this: if one knows the Cesàro development, the parametric develop-
ment is available also, assuming that one can compute the moments that appear in (8.6).
Then one can evaluate on a test function by a change of variable, obtaining an ordinary
asymptotic expansion in a new parameter:∫

f (λ)φ(tλ) dλ ∼
∑
k≥1

ck t
−αk−1

∫ ∞

0
λαkφ(λ) dλ+

∑
m≥0

μm φ
(m)(0)

m! tm (8.7)

as t ↓ 0. The integral on the right should be regarded as a finite-part integral; also,
when some αk are negative integers, there are extra terms in t r log t . The heat kernel
expansion may be obtained by taking φ(λ) := e−λ for λ ≥ 0.

The spectral coefficients. The coefficients of the spectral density kernel (8.5), after
integration over ξ , have an intrinsic meaning: they are all Wodzicki residues! It has
been argued in [80] that (8.5) simplifies to

dA(x, x; λ) dnx ∼ 1

d (2π)n

[
wresx(A

−n/d)λ(n−d)/d

+ wresx(A
(1−n)/d)λ(n−d−1)/d (8.8)

+ · · · + wresx(A
(k−n)/d)λ(n−d−k)/d + · · ·

]
(C) as λ→∞.

It is worth indicating briefly how this comes about: we shall compute the leading
term in (8.8). To integrate (8.5), we use polar coordinates ξ = rω with |ω| = 1. Since
the integrand involves δ(λ−a(x, rω)) and its derivatives, we must solve a(x, rω) = λ
for r; denote the unique positive solution by r = r(x, ω; λ). To solve, we revert the
expansion

λ = a(x, rω) ∼
∑
j≥0

ad−j (x, ω) rd−j as r →∞ (8.9)

to get a development in falling powers of λ:

r = r(x, ω; λ) ∼
∑
k≥0

rk(x, ω) λ
(1−k)/d as λ→∞. (8.10)

Now we unpack the distribution

δ(λ− a(x, rω)) = δ(r(x, ω; λ))
a′(x, r(x, ω; λ)ω) .

Since dnξ = σω rn−1 dr , the first term in (8.5) yields

(2π)−n
∫
|ω|=1

rn−1(x, ω; λ)
a′(x, r(x, ω; λ)ω) σω. (8.11)
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If we retain only the first terms in (8.9) and (8.10), this integrand becomes

rn−1

d rd−1ad(x, ω)
∼ r0(x, ω)

n−dλ(n−d)/d

d ad(x, ω)
∼ λ

(n−d)/d

d
ad(x, ω)

−n/d,

since r0(x, ω) = ad(x, ω)−1/d . Thus the leading term in the λ-development of (8.11)
is

λ(n−d)/d

d (2π)n

∫
|ω|=1

ad(x, ω)
−n/d σω.

It remains only to notice that ad(x, ω)−n/d is the principal symbol, of order (−n), of
the operator A−n/d , and to apply (5.11).

Spectral densities of generalized Laplacians. We can apply this general machinery
to the case where A is a generalized Laplacian, with a symbol of the form

a(x, ξ) = −gij (x) ξiξj + bk(x)ξk + c(x),
where bk , c are scalar functions. Rewriting (8.8) as

d (2π)n dA(x, x; λ) ∼ a0(x)λ
(n−d)/d + a1(x)λ

(n−d−1)/d + · · · ,
we see that a0(x) is constant with value �n. Also, ak = 0 for odd k since their
computation involves integrating odd powers of the ωj over the sphere |ω| = 1. For
a2(x), one can express the metric in normal coordinates [12] near x = x0:

gij (x) ∼ δij + 1
3Riklj (x0) (x − x0)

k(x − x0)
l + · · ·

where Riklj is the Riemann curvature tensor. The q2 term of (8.5) extracts from this
a Ricci-tensor term 1

3Rkj (x) ξkξj and integration over the unit sphere leaves the scalar
curvature s(x). The upshot is that

a2(x) = (n− 2)�n
2

( 1
6s(x)− c(x)

)
. (8.12)

On the other hand, this gives the Wresidue density of A(2−n)/2. We thus arrive at
one of the most striking results in noncommutative geometry, derived independently by
Kastler [128] and Kalau andWalze [122], [219], namely that the Einstein–Hilbert action
of general relativity is a multiple of the Wodzicki residue of D/−2 on a 4-dimensional
manifold:

WresD/−2 ∝
∫
M

s(x)
√
g(x) d4x,

on combining (8.12) with the Lichnerowicz formula c = 1
4 s. The computation of

WresD−2 for the Standard Model is given in [26], [116].
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The Chamseddine–Connes action. Pulling all the threads together, we apply the
expansion (8.8) to the action functional (8.3). For the Standard Model plus gravity, we
take n = 4 and A = D2, a generalized Laplacian, acting now on a space of sections of
the spinor bundle S → M . From (8.8) we get just two terms:

tr dD2(x, x; λ) ∼ 4

16π2 λ+
1

32π4 wresx D
−2 (C) as λ→∞

since the nonnegative powers of the differential operator D2 have zero Wresidue. Ap-
plying (8.7) with t =  −2 gives an expansion of the form

Tr φ(D2/ 2) ∼ 1

4π2φ0 
4 + 1

32π4 WresD−2φ2 
2 +

∑
m≥0

b2m+4(D
2)φ2m+4 

−2m

as  →∞, where

φ0 =
∫ ∞

0
λφ(λ) dλ; φ2 =

∫ ∞

0
φ(λ) dλ; φ2m+4 = (−1)mφ(m)(0), m ∈ N.

Thus the cutoff function φ plays only a minor role, and these integrals and derivatives
may be determined from experimental data.

In [26] detailed results are given for the spectral triple associated to the Standard
Model. The bosonic parts of the SM appear in the  2 and  0 terms; the Einstein–
Hilbert action appears in the  2 term, as expected; and other gravity pieces and a
gravity-Higgs coupling in the  0 term; the  4 term is cosmological. The  0 term is
conformally invariant. The higher-order terms may safely be neglected.

More recently [27], it has been shown that this spectral action can be extended by
coupling to a dilaton field, in order to compensate for the lack of scale invariance of the
Higgs sector mass terms. How robust the spectral action may be under more general
conformal transformations remains to be seen.



9

Epilogue: new directions

The panorama of noncommutative geometry laid out in the preceding chapters corre-
sponds to a snapshot taken some years ago. Much has happened in the intervening
years, and here we give a brief aggiornamento taking stock of a few of the more recent
developments.

9.1 Noncommutative field theories

In a groundbreaking paper, Connes, Douglas and Schwarz [45] showed that compact-
ification of M-theory, in the context of dimensionally reduced gauge theory actions,
leads to spaces with embedded noncommutative tori. Soon after, Douglas and Hull saw
that gauge theories on noncommutative spaces arise naturally from string theory [69].
For more on the relation between noncommutative geometry and strings, see [139]
and [154].

Seiberg and Witten [198] considered open strings with allowed endpoints on 2D-
branes in a B-field background, and found that the endpoints live on a noncommutative
space whose spacetime coordinates must satisfy commutation relations of the form

[xμ, xν] = i θμν, (9.1)

for some skewsymmetric matrix θ = [θμν] of real scalars. This revived an old proposal
by Snyder [201] for a quantization of spacetime, that had also been reincarnated by
Doplicher et al. [68]: for its prehistory, see [120]. Now, (9.1) is just an infinitesimal
form of the basic relation (4.3) defining a noncommutative torus (of dimension four),
and the xμ appear as generators of the algebra of ‘noncommutative R4’. But the product
in this algebra is none other than the Moyal product (6.5), where θ replaces h̄ 14 and R4

is no longer interpreted as a phase space.
This startling appearance of the Moyal product in string theories had been foreshad-

owed a few years earlier by Filk [86], who showed that one can adapt the formalism
of a scalar Lagrangian field theory to the Moyal product algebra. For instance, in φ4

4
theory, the action functional becomes

S =
∫ (

1

2

∂φ

∂xμ

∂φ

∂xμ
+ m

2

2
φ2 + g

4!φ �θ φ �θ φ �θ φ
)
d4x.

This deformation of the usual φ4
4 theory contains a nonlocal interaction; in the per-

turbative expansion of the Green function, new terms appear, labelled by ‘nonplanar’
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Feynman graphs, but they never cancel the ultraviolet divergences due to the ‘planar’
graphs of the undeformed theory. Thus, giving up locality does not yield a better
ultraviolet behaviour of the field theory. The same point was made in [216], in a
model-independent context: with any noncommutative one-particle space described
by a spectral triple, the overall ultraviolet behaviour remains the same as that of an
ordinary space of the same dimension. Quantum field theories on noncommutative
spaces still require renormalization.

The topological difficulties that arise from dealing with nonplanar graphs were
completely overcome in two remarkable papers by Chepelev and Roiban [28], [29],
who determined the precise conditions under which nonplanar graphs yield convergent
integrals and showed how to adapt the recursive subtraction of counterterms to the
noncommutative case.

A more serious difficulty with the spacetime relations was pointed out by Gomis
and Mehen [98]: any timelike noncommutativity θ0i �= 0 leads to a violation of uni-
tarity of the S-matrix. One may still proceed with purely spacelike noncommutativity
parameters, but even so, other troubles arise: for instance, the one-loop effective action
may not exist [92]. A more optimistic perspective on deformed field theories is offered
in [224].

The literature on noncommutative field theories is already vast. A good source
book, up to 2002, is [153]. For the overall picture, the excellent reviews [70] and [206]
are recommended.

9.2 Isospectral deformations

Since the year 2000, several new examples of spectral triples, many of which support
spin geometries, have emerged. Chief among them are the isospectral deformations of
commutative spectral triples, pioneered by Connes and Landi [49]. Instead of fixing
the algebra of a given spectral triple (or its Morita equivalence class) and deforming or
‘fluctuating’ the metric-generating operator D, as we have seen in Chapter 7, the new
procedure consists of fixingD on a given Hilbert space H and deforming the algebra A
to a new algebra that is also represented on H .

A problem posed in [42] was: can one recover the metric geometry of the Riemann
sphere S2 from spectral triple data alone? Thus, if A is a dense ∗-subalgebra of some
C∗-algebra A containing elements x, y, z, and if the matrix

p = 1

2

(
1+ z x + iy
x − iy 1− z

)
∈ M2(A)

is a projector, i.e., p = p∗ = p2 inM2(A), it is easy to show that the projector relations
imply that x, y, z are commuting selfadjoint elements of A, and that x2+y2+ z2 = 1.
Thus, A = C(X), where X ⊆ S2 is a closed subset. If A is the algebra of some spin
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geometry (A,H ,D;�, J ), and if c := tr
((
p − 1

2

)⊗ p ⊗ p), then c is a Hochschild
2-cycle over A and the condition πD(c) = � can only hold if X is the support of the
area measure on the sphere, so that X = S2.

In the same way, one can obtain the sphere S4 with its round metric by starting with
an analogous projector inM4(A):

p =
(
(1+ z)12 q

q∗ (1− z)12

)
, where q =

(
a b

−b∗ a

)
, (9.2)

and imposing conditions that guarantee that c := tr
((
p − 1

2

) ⊗ p ⊗ p ⊗ p ⊗ p) is a
Hochschild 4-cycle over the ∗-algebra A generated by a, b, z. Then A is commutative,
z∗ = z, and the 4-sphere relation a∗a+ b∗b+ z2 = 1 holds. The orientation condition
πD(c) = � entails that M(A) = S4. But there is now a noncommutative solution, if
one replaces the entry −b∗ in (9.2) by −λb∗, where λ = e2πiθ ∈ T. The resulting
(pre-C∗-)algebra is somewhat whimsically called A = C∞(S4

θ ) where the noncom-
mutative space S4

θ is thought of as a ‘deformed 4-sphere’. This algebra is represented
on the spinor space H of S4 and, using the Dirac operatorD/ for the round metric on S4,
we get a deformed spin geometry (C∞(S4

θ ),H ,D/ ;�, J ).
This example can be generalized in two ways. One can obtain ‘noncommutative

spheres’ in other dimensions by imposing conditions on suitable matrices of generators
(in odd dimensions, these matrices should be unitary, since they must represent an odd
K-theory class) that yield a Hochschild cycle of top degree, and classify the resulting
algebras. For 3-spheres, this program has been successfully carried by Connes and
Dubois-Violette [46], [47]; it yields a three-parameter family of noncommutative 3-
spheres. These include a one-parameter subfamily S3

θ of the Connes–Landi type. The
other 3-spheres have deep and intricate relations with the theory of elliptic curves [47].

The other, simpler, generalization is to ‘θ -deform’ any compact Riemannian mani-
foldM that admits an action of the torus Tl , for l ≥ 2. The induced action of Tl on the
algebraC∞(M) can be deformed to a noncommutative algebraC∞(Mθ), by replacing
the ordinary product of functions by a Moyal product. Indeed, if A is any C∗-algebra
with a strongly continuous action α of Rl , and A is the smooth domain of this action,
then A is a Fréchet pre-C∗-algebra dense in A; and if θ ∈ Ml(R) is skewsymmetric,
then the θ -deformed product [183] is defined on A by

a �θ b :=
∫

Rl

∫
Rl

α 1
2 θu
(a) α−t (b) e2πiut dlu dlt.

This generalizes (6.5), after a change of variables [91].
In particular, if the action α is periodic, that is, αt+r = αt for r ∈ Zl , so that α

is effectively an action of Tl , then the deformed algebra Aθ decomposes into spectral
subspaces for this torus action, and it can be described by generalized Fourier series. For
instance, the pre-C∗-algebra A = C∞(S4), with generators a, b, z, carries an action
of T2 given by (t1, t2) - (a, b, z) := (t1a, t2b, z); the resulting Moyal deformation is
Aθ = C∞(S4

θ ).
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When the manifoldM is spin, the action of Tl can be lifted to a torus action on the
spinor bundle. If M is gifted with a Tl-invariant metric, then the Dirac operator D/ ,
the charge conjugation J and the grading � (if dimM is even) are invariant under the
lifted action, and (C∞(Mθ),H ,D/ ;�, J ) is a noncommutative spin geometry that is
isospectral to the undeformed case, because D/ is unchanged [49].

Quantum symmetry of deformations. If M = G/K is a homogeneous space of a
compact Lie group G, where the Lie subgroup K includes a maximal torus Tl of G
with l ≥ 1, then C∞(G) can be deformed by ! = θ ⊕ (−θ) in M2l(R) [184] and
then C∞(Mθ) is an embedded homogeneous space for the compact quantum group
C∞(G!), as was shown in [212]; see also [199].

This means, in more detail, that the Gelfand cofunctor transposes the left action of
the group G on the quotient space G/K to a right coaction of C∞(G) on C∞(G/K).
On a compact Lie group G, one can consider three function algebras: the C∗-algebra
C(G) of continuous functions, the pre-C∗-algebraC∞(G) of smooth functions, and the
‘polynomial’ algebra O(G) of ‘representative functions’, that is, the ∗-subalgebra of
C∞(G) generated by the matrix elements of finite-dimensional unitary representations.
The algebra O(G) is a Hopf algebra, because it has a coproduct � : O(G)→ O(G)⊗
O(G) – algebraic tensor product – given by �f (x, y) := f (xy), for x, y ∈ G and
‘counit’ ε(f ) := f (1); these operations are algebra homomorphisms, and Sf (x) :=
f (x−1) defines a ‘coinverse’or ‘antipode’on O(G). These operations extend to smooth
and continuous functions, although completed tensor products are needed to extend�.

In an arbitrary Hopf algebra H , the coproduct � : H → H ⊗H is written �a =:∑
a(1)⊗a(2) (finite sum) and it is coassociative, that is, (�⊗id)� = (id⊗�)� as maps

from H to H ⊗ H ⊗ H [125]. A subalgebra F ⊂ H is an ‘embedded homogeneous
space’ if�(F) ⊂ F ⊗H : the restriction of� to F is the right coaction F → F ⊗H .
In the compact Lie group case, we can identify elements of O(G/K) with functions in
O(G) invariant under right translations from K . It turns out [184] that after the above
deformations of the function algebras on G or G/K , the coproduct is still an algebra
homomorphism. The resulting coaction can be regarded as a ‘quantum symmetry’ on
a noncommutative space.

Noncompact isospectral deformations. These isospectral deformations have yielded
an opportunity to address a vexing problem, namely, how to extend the machinery of
spectral triples and spin geometries to noncompact noncommutative spaces. By this we
mean spin geometries with nonunital coordinate algebras. We have noted in Chapter 3
that the bare definition of spectral triple extends to the nonunital case, by demanding
compactness of a(D − λ)−1 for each a ∈ A and λ /∈ spD. The seven spin geometry
conditions are harder to satisfy; but a few of them become moot if we consider an
isospectral deformation of the Dirac operator on a noncompact Riemannian manifold.

The simplest case of that is the ‘plane’R2m, that we can deform to a Moyal plane, by
using the Moyal product �h̄ of (6.5) based on R2m � T ∗Rm. The issue is which of the
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many possible versions of the Moyal algebra to use. The Schwartz space S(R2m) is an
algebra under �h̄ [102], in fact a pre-C∗-algebra [91], but it is too small. The finiteness
and orientation properties require that our algebra Ah̄ have an auxiliary unitization
Ãh̄, that is, a unital algebra in which Ah̄ is embedded, not necessarily densely, as an
essential ideal. It turns out that we can take Ãh̄ = (B(R2m), �h̄), where B(R2m)

is the vector space of smooth functions f on R2m, all of whose derivatives ∂αf are
bounded [195]. The appropriate nonunital algebra is then Ah̄ = (DL2(R2m), �h̄),
where DL2(R2m) is the vector space of smooth functions, all of whose derivatives are
square-integrable [195]. The smooth domain of the Dirac operator D/ = −i γ μ ∂μ
is then H∞ = (Ah̄)

N with N = 2"n/2#. This is the pullback to Ah̄ of the finitely
generated projective (indeed, free) module (Ãh̄)

N over the unital algebra Ãh̄.
The unital algebra Ãh̄ also includes the plane waves uk(x) := e2πik·x , for k ∈ R2m,

which satisfy
uk �h̄ ul = e−πih̄ s(k,l) uk+l , for all k, l ∈ R2m.

In particular, by taking k, l ∈ Z2m to be integral vectors, we get a copy of the algebra
of a noncommutative n-torus C∞(Tnh̄) included in Ãh̄ as a subalgebra of periodic
functions. The Hochschild n-cycle c for this n-torus is an analogue of (4.11) with 2m
generators vj = uej , j = 1, . . . , 2m:

c = (2πi)
−2m

(2m)!
∑
σ∈S2m

(−1)σ (vσ(1)vσ(2) . . . vσ(2m))
−1 ⊗ vσ(1) ⊗ vσ(2) ⊗ · · · ⊗ vσ(2m).

In the commutative case, we can write vj = e2πitj , and the right hand side reduces to
dt1 ∧ · · · ∧ dtn, the usual volume form for either Rn or the flat torus Tn = Rn/Zn.
Thus the orientation cycle c is a Hochschild cycle over the unitization Ãh̄.

The metric dimension of the Moyal plane is 2m, as expected. To prove it, we should
be able to check that a(1 + |D/ |)−2m lies in the Dixmier ideal L1+ for all a ∈ Ah̄;
but it turns out [91] that this can only be verified for a in the smaller, but still dense,
subalgebra S(R2m). Happily, with this proviso, we can compute its Dixmier trace and
get the expected result, compare (5.14):∫

− a(1+ |D/ |)−2m = 1

m! (2π)m
∫

R2m
a(x) d2mx.

This example can be generalized to a large family of noncompact Riemannian spin
manifolds (with ‘bounded geometry’) that admit either an action of the torus Tl , or
even a free action of Rl , for l ≥ 2. The latter case is that of a trivial vector bundle
of rank l, with Rl acting by vertical translations. This is done in [93]. The upshot is
that the full apparatus of noncommutative spin geometry is available for noncompact
isospectral deformations.
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9.3 Geometries with quantum group symmetry

For a long time, it was thought that well-behaved spectral triples could not be con-
structed over the coordinate algebras of compact quantum groups or their homogeneous
spaces. We refer to [125], [131] for the story of those algebras, and their notations. Ear-
lier work [56], [61], [129] had revealed the existence of a certain 27-dimensional Hopf
algebra closely related to the gauge group of the Standard Model. And the isospectral
examples admit quantum symmetries where the labelling parameters are λ = e2πiθ ,
complex numbers of modulus 1.

But more conventional ‘quantum symmetries’ using well-known compact quantum
groups such as SUq(2) with a real parameter q �= ±1 seemed to lie outside the
framework of spin geometries, as laid out in Chapter 3. Strictly speaking, this is
true. However, by mild relaxations of the ‘axioms’given above, quantum-homogenous
spectral triples have indeed been constructed.

First off the mark were Chakraborty and Pal [25], who worked with the ∗-algebra
O(SUq(2)), generated by elements a and b satisfying

ba = qab, b∗a = qab∗, bb∗ = b∗b,
a∗a + q2b∗b = 1, aa∗ + bb∗ = 1,

(9.3)

with 0 < q < 1. (This convention for the generators is that of [60].) There is a Hilbert
space H0 = L2(SUq(2), ψ), namely the GNS representation space of the Haar stateψ
on the C∗-algebra completion C(SUq(2)), and the GNS or ‘regular’ representation
admits a Peter–Weyl decomposition, just like that of the compact Lie group SU(2). In
[25] a selfadjoint operator D0 is found, such that (O(SUq(2)),H0,D0) is a bona-fide
spectral triple, whose metric dimension is 3, as expected.

The symmetry of this spectral triple is described by the Hopf algebra Uq(su(2)),
which is a q-deformation of the enveloping algebra of the Lie algebra su(2). Its algebra
generators are k, k−1, e, f with the commutation relations

ek = qke, kf = qf k, k2 − k−2 = (q − q−1)(f e − ef ),
and its coproduct � is given by

�k = k ⊗ k, �e = e ⊗ k + k−1 ⊗ e, �f = f ⊗ k + k−1 ⊗ f. (9.4)

For each j ∈ 1
2N, there is a unique irreducible representation σj of Uq(su(2)) on a

vector space Vj of dimension 2j + 1. If the vectors |jm〉, for m = −j, . . . , j , make
up an orthonormal basis for Vj , then σj is determined by

σj (k) |jm〉 = qm |jm〉, σj (f ) |jm〉 =
√[j −m]q [j +m+ 1]q |j,m+ 1〉,

and σj (e) = σj (f )
∗. The above GNS representation space has the Peter–Weyl de-

composition H0 = ⊕∞
2j=0 Vj ⊗ Vj . We can define an algebra representation λ of
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Uq(su(2)) on a dense subspace of H0 by setting λ := σj ⊗ id on each Vj ⊗ Vj . The
construction of [25] asks thatD0 commute with this representation. ThenD0 is reduced
by the finite-dimensional subspaces Vj ⊗ Vj , and the task is to determine a suitable
spectrum of eigenvalues for D0.

This example proved to be a remarkable testing ground for the local index formula
of Connes and Moscovici [52], whereby the Chern character of a finitely summable
spectral triple is expressed as a finite sum of noncommutative integrals, with certain
precise coefficients. Although the formula was originally developed for spectral triples
arising from foliations (a story we cannot tell here, but see [134] for an excellent
review), this quantum-group spectral triple gives all expected terms, with the correct
coefficients on the nose [43].

First-order Dirac operators. The only drawback to the Chakraborty–Pal example
is that D0 is not a ‘Dirac operator’, because the GNS representation is not a spin
representation. A genuine spin geometry was soon found, however. The ‘standard’
Podleś sphere S2

q is described by the ∗-subalgebra O(S2
q) ⊂ O(SUq(2)) generated

by the quadratic elements A = b∗b and B = ab∗; it is also a right comodule for
O(SUq(2)), so the standard Podleś sphere is an embedded homogeneous space for
SUq(2). Da̧browski and Sitarz [62] constructed a spinor representation for this algebra
on a Z2-graded Hilbert space H = H+⊕H−, and were able to find operatorsD and J
with the right commutation relations, satisfying the first-order property exactly. Once
more,D is invariant under the action of Uq(su(2)), and its eigenvalues are determined
(up to a scale factor) by requiring that the first-order property hold. These eigenvalues
are the so-called ‘q-integers’,

± [l + 1
2 ]q := ±

q−l− 1
2 − ql+ 1

2

q−1 − q , for l = 1
2 ,

3
2 ,

5
2 , . . . (9.5)

with respective multiplicities 2l + 1. When q → 1, we recover the Dirac spectrum on
the ordinary sphere (2.13).

Krähmer took this construction a step further [135], by showing that such first-order
(spinc) Dirac operators can be built on all irreducible quantum flag manifolds: these
are q-deformations of the Hermitian symmetric spaces G/K where G is a compact
semisimple Lie group. In particular, this yields q-deformed spheres of any dimension
with a first-order Dirac operator.

The metric dimension given by the spectral growth of these Dirac operators is
lower than that of the classical case: for 0 < q < 1 the eigenvalues (9.5) grow
exponentially fast, so the metric dimension is 0: see Chapter 3. This ‘dimension
drop’ is a known feature of quantum-group manifolds; for instance, C(SUq(2)) has
only a 1-dimensional circle of characters, and C(S2

q) has only one (its ‘north pole’).
Anticipating this, Connes and Landi proposed [49] that one should look for isospectral
q-deformations, by borrowing the spectrum from the classical Dirac operator.
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A spin geometry over SUq(2). The group manifold SU(2) is a 3-sphere S3 =
SO(4)/SO(3) = (SU(2)×SU(2))/SU(2); its full symmetry group is SU(2)×SU(2),
acting on the group manifold by (p, q) - x := pxq−1. In the same way, the full
quantum symmetry of the algebra O(SUq(2)) is given by two commuting actions of
the Hopf algebra Uq(su(2)).

When a Hopf algebra U acts linearly on an algebra A, we require it to satisfy
the generalized Leibniz rule: h - (ab) = ∑

(h(1) - a)(h(2) - b). Given an algebra
representation σ of U on a vector space V , we say that a representation π of A on V
is σ -equivariant if

σ(h) π(x) = π(h(1) - x) σ (h(2)), for all h ∈ U, x ∈ A.

On the Hilbert space H0 = L2(SUq(2), ψ), the GNS representation π is equivariant
under two representations λ and ρ of Uq(su(2)) on H0, for the two respective Hopf
actions of Uq(su(2)) on the algebra O(SUq(2)). They are given on the subspace
Vj ⊗ Vj by λ := σj ⊗ id, as before, and ρ := id⊗ σj . Using the relations (9.3)
and (9.4), one can show [60] that any (λ, ρ)-equivariant representation of O(SUq(2))
on H0 is unitarily equivalent to the GNS representation.

The spinor space for SUq(2) is

H ⊕H = H0 ⊗ C2 =
∞⊕

2j=0

(Vj ⊗ Vj )⊗ V 1
2
� W↑

0 ⊕
⊕
2j≥1

W
↑
j ⊕W↓

j (9.6)

whereW↑
0 = V 1

2
,W↑

j � Vj+ 1
2
⊗Vj andW↓

j � Vj− 1
2
⊗Vj , using the Clebsch–Gordan

isomorphisms Vj ⊗ V 1
2
� Vj+ 1

2
⊕ Vj− 1

2
. The spinor representation π ′ of SUq(2) is

the unique, up to unitary equivalence, (λ′, ρ′)-equivariant representation of O(SUq(2))
on H , where

λ′(h) := λ(h(1))⊗ σ 1
2
(h(2)), ρ′(h) := ρ(h)⊗ 12 on each (Vj ⊗ Vj )⊗ V 1

2
.

The subspacesW↑
j andW↓

j are joint eigenspaces for λ′(Cq) and ρ′(Cq), where Cq =
qk2 + q−1k−2 + (q − q−1)2ef is the Casimir element of Uq(su(2)). The Dirac
operator D is then defined by requiring that these are also joint eigenspaces for D,
with respective eigenvalues

d
↑
j = 2j + 3

2 onW↑
j , d

↓
j = −

(
2j + 1

2

)
onW↓

j .

These are indeed the eigenvalues for the Dirac operator on the group manifold SU(2)
with its invariant metric [115]. Their respective multiplicities are given by dimW↑

j =
(2j + 1)(2j + 2) and dimW↓

j = 2j (2j + 1). The metric dimension, which is 3, of
course, can be computed directly with the Dixmier trace.
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It turns out that this spectral triple satisfies the regularity property [204], unlike that
of [62]. However, the real structure can only be given approximately. Since we need
the relation JD = DJ , the conjugation J can be defined on each subspace W↑

j and

W
↓
j separately. But the antirepresentation y �→ Jπ ′(y∗)J † does not commute with

the representation π ′. On the GNS representation space H0 there is indeed a Tomita
involution J0 such that J0π(y

∗)J †
0 does commute with eachπ(x), and its double J0⊕J0

on H will have the commutation property with respect to the spinor representation π ′.
However, this double does not preserve the decomposition (9.6) and therefore does not
commute with D. Thus J �= J0 ⊕ J0.

Happily, we do not go far wrong: it is shown in [60] that all commutators
[π ′(x), Jπ ′(y∗)J †] and all first-order defects [[D,π ′(x)], Jπ ′(y∗)J †], for x, y ∈
O(SUq(2)), are infinitesimals of arbitrarily high order, in the terminology of Chapter 3.
Therefore, the spectral triple of [60] may be regarded as a bona-fide spin geometry on
the noncommutative space SUq(2).

This construction of approximately first-order Dirac operators, along the lines of
the SUq(2) example, can be transferred to quantum homogeneous spaces. This was
done avant la lettre for the ‘equatorial’ Podleś sphere [59]. It also yields nontrivial
K-cycles on the ordinary Riemann sphere S2 [200].

9.4 Other developments

Space does not permit us to treat all the many new areas that have been opened up to
the noncommutative geometric viewpoint. We conclude by giving a few pointers to
the literature.

• The survey [42] gives a view of the subject up to 2000, updating the perspective
of the book [37]. So many examples of noncommutative spaces are now available
that even to catalogue them is a daunting task, but the most comprehensive effort
to date is the botanical expedition of Connes and Marcolli [51]. Many of the
newer specimens arise from arithmetic geometry: see, for example, [44]. The
recent book of Marcolli [158] is the most authoritative source for these new
encounters of noncommutative geometry and number theory.

• Hopf algebras also appear as carriers of symmetry in the computation of the local
index formula for the Chern character [52] of a transversally elliptic operator.
To evaluate it, Connes and Moscovici introduced a certain Hopf algebra [53]
and developed a theory of Hopf-cyclic cohomology to determine its effect on
the cyclic cohomology of the coordinate algebra, and thereby compute the index
formula. To build this ‘Hopf-cyclic cohomology’ one needs some extra data that
allows one to construct a cyclic operator on the cochains. This construction was
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extended to a Hopf-cyclic cohomology with coefficients by Hajac et al. [109],
which in turn allowed the development of a relative version of this cohomology.
For the full story of the development of this purely algebraic theory from its
geometric beginnings, see the survey article [54].

• Although noncommutative vector bundles are just finitely generated projective
modules, the parallel theory of noncommutative principal bundles (and their as-
sociated vector bundles) is still under development. The basic concept is well
known (namely, a Hopf–Galois extension of algebras [108]), but work remains
to be done to understand their role as symmetries of spectral triples. In this re-
gard, we recommend the expository article [7], which explains principal actions
and principal-bundle connections in the commutative case from the noncom-
mutative point of view. For examples of principal bundles over isospectral and
q-deformations, see [110], [140], [143], [144]; in particular, [140] exhibits a
Hopf–Galois extension of O(SUq(2)).

• The metric distance determined by the Dirac operator may be generalized by
replacing [D, a] in (1.8) by L(a), where L is just a Lipschitz seminorm on the
algebra A. This was suggested by Rieffel [185] as the foundation for a theory of
compact quantum metric spaces. The development of this concept is surveyed
in [186]. For instance, all isospectral deformations of the Connes–Landi type
are known to be compact quantum metric spaces [152].

• The classification of noncommutative 2-tori up to Morita equivalence was estab-
lished early on by Rieffel [179]: Aθ and Aφ are (strongly) Morita-equivalent if
(and only if) θ and φ lie in the same orbit of the action of the group GL(2,Z)
on R by linear fractional transformations. For noncommutative l-tori, with l > 2,
which are Moyal deformations of C(Tl), the Morita classification was partially
found by Rieffel and Schwartz [187] and refined further by Li [151]: the group
SO(l, l|Z) acts by linear fractional transformations on the parameter matrices
θ ∈ Ml(R) of the deformations, and all elements of the same orbit are strongly
Morita equivalent. Other criteria for Morita equivalence of the C∗-algebras Aθ
and their smooth subalgebras Aθ are given by Elliott and Li [74], [75].

• The Wodzicki residue plays a second role in differential geometry, which lay
dormant for a while. On a compact Riemannian manifold of even dimension
n = 2m, the signature operator dδ− δd has a phase F = (dδ− δd)(dδ+ δd)−1,
defined on the Hilbert space L2,m(M) of middle-dimensional square-integrable
forms (minus harmonic forms, if any). This F is a pseudodifferential operator
of order zero, so the Wodzicki residue Wres([F, f ] [F, h]) makes sense for
f, h ∈ C∞(M), and is nontrivial if n > 2. Connes showed that if n = 4,
then the formula

Wres([F, f ] [F, h]) :=
∫
M

f P4(h)�
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determines an elliptic differential operator P4 of order 4 which is conformally
invariant, in the sense that a rescaling of the metric gives a compatible rescaling
of P4. Ugalde [210] recently showed that this algorithm can produce confor-
mally invariant operators Pn (same formula, with 4 replaced by n) for any even
dimension n, leading to higher-dimensional conformal invariants. The case of
manifolds with boundary, based on [84], has been treated by Wang [220]. The use
of Wodzicki residues to obtain conformal invariants is further explored in [169],
[172].

• The theory of spectral triples expounded here is a ‘type I’ theory, in that all the
important operators have discrete spectra, even in the nonunital case. However,
building on the theory of generalized singular values [82], one can formulate
type II spectral triples wherein all relevant operators are affiliated to a fixed,
semifinite von Neumann algebra N , Dixmier ideals and traces are defined relative
to N , and so forth. The definition is set out in [10], [20] and the Connes–
Moscovici local index formula is generalized to the type II case in [21]. The
usefulness of this formalism is exemplified by Pask and Rennie in [167], where
a type II spectral triple of metric dimension 1 is constructed over a graph C∗-
algebra.

After a quarter of a century – counting the paper [32] as the conventional starting
point – noncommutative geometry is thriving and developing at a rapid pace. This brief
list of its recent advances is not exhaustive: there are major areas both in mathematics
(for instance, the Baum–Connes conjecture in K-theory) and in physics (e.g., the
combinatorics of renormalization) that are undergoing rapid progress but which have
not rated a mention here. Indeed, the salient feature of noncommutative geometry is
its universality: many disparate aspects of mathematics and physics are linked in a
unifying theme.
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action functional, 75, 84, 85
analytical index map, 62, 63
antirepresentation, 23, 68, 93
area form, 11, 86
area of a sphere, 24
area of a surface, 51
arithmetic geometry, 93
asymptotic morphism, 55, 56, 62
automorphism group, 3, 34, 75
automorphism of a C∗-algebra, 35, 65

bimodule, 6, 9, 19, 25, 68–74, 78
bosonic action, 75, 77, 78, 81
bounded operator, 10, 21, 67, 69

C∗-algebra, 2, 34, 55
character of, 2
continuous field of, 56
inseparable, 45
of a groupoid, 57, 62
unital, 2, 3

Casimir element, 92
Casimir operator, 17
cell decomposition, 36
Cesàro mean, 45
Cesàro order of a distribution, 80
character of an algebra, 2, 4, 10
charge conjugation, 14, 18, 30, 76
Chern character, 28, 38, 41
Chern class, 12, 17, 18
Clifford action, 9, 13, 17, 19, 69
Clifford algebra, 7
C∗-module, 6
coaction of Hopf algebra, 88
codifferential, 19
commutation relations, 23, 25, 32

for spacetime, 85
for tori, 33, 71

compact Lie group, 88
compact manifold, 4, 28, 50
compact operator, 23, 44, 50
compact quantum group, 88, 90
compact quantum metric space, 94
compact resolvent, 22
compact space, 2, 3
conformal invariants, 95
conjugation operator, 8, 14, 30, 38
connection, 69

Hermitian, 70, 72, 74, 76
Levi-Civita, 9, 12
spin, 9, 12

Connes–Lott model, 53, 77
convolution of integral kernels, 58
coproduct, 88, 90
cosphere bundle S∗M , 48, 50
cotangent bundle, 9, 48, 58
crossed product, 34
curvature of a connection, 77
cutoff function, 78, 84
cutoff scale, 78
cyclic and separating vector, 31, 33, 36
cyclic cochain, 36
cyclic cocycle, 37, 41
cyclic cohomology, 36

periodic, 38

deformation, 63, 86
Heisenberg, 56
isospectral, 86–88
Moyal, 56
strong, 56

deformed field theories, 86
dequantization, 54, 61
derivation, 25, 37–39, 70, 72

symmetric, 37
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diffeomorphism, 75, 78
internal, 75

dimension, 23, 89
of a sphere, 24, 92

Dirac comb, 51
Dirac operator, 8, 13, 20, 25, 50, 74, 87,

89, 92
twisted, 64

Dirac–Yukawa operator, 80
Dirac–Kähler geometry, 20
distributional asymptotics, 79
Dixmier ideal L1+, 45
Dixmier trace, 45
Dixmier–Douady class, 7

eigenspinor, 15, 16
Einstein–Hilbert action, 75, 78, 84
Eisenstein series, 40
elliptic curve, 32, 41, 67, 87
ð operator, 14, 15
Euler characteristic, 36
evaluation map, 2
exponential map, 59, 61

fermionic action, 76
first-order condition, 25, 39, 67, 76, 91
fluctuation of the metric, 74, 78
Fourier transform, 58, 60
Fréchet algebra, 4, 22, 26, 29, 34
Fredholm index, 28
Fredholm operator, 9, 18, 29
functional calculus, 79, 81

holomorphic, 22

gauge field, 77
abelian, 76

gauge potential, 74, 76
gauge transformation, 12, 74, 76, 77
Gelfand cofunctor, 2, 3, 60, 88
Gelfand transform, 2
geodesic distance, 10
geometric quantization, 63
GNS representation, 35

groupoid, 56
convolution on, 57
Haar system for, 57
smooth, 57, 60
tangent, 59, 60

Haar state, 90
heat kernel expansion, 79, 82
Hilbert space, 14, 19, 21, 33, 68

virtual, 64
Hochschild chain, 25, 26
Hochschild cycle, 26, 40, 66, 86, 87, 89
Hodge Laplacian, 20
Hodge star operator, 19, 28
Hodge–Dirac operator, 19
homogeneous function, 47, 49
homogeneous space, 88, 90, 91, 93
Hopf algebra, 88, 90, 92
Hopf-cyclic cohomology, 93
hyperbolic automorphism, 35, 66

infinitesimal, 23, 93
of first order, 27, 50
of order α, 24

inner automorphism, 67, 74, 75
integral, 48, 51

noncommutative, 24, 45, 77
integral kernel, 56, 81
intersection form, 28, 29
irrational rotation C∗-algebra, 34, 70
isospectral deformation, 86–88

Jacobian, 61
junk, 78

K-cycle, 21, 93
K-theory, 22, 28, 42, 55, 62
ket-bra, 6, 68
Kubo formula, 38

Laplacian, 25, 46, 50
generalized, 80, 83
Hodge, 20
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spinor, 15, 17, 46
Leibniz rule, 9–12, 17, 68, 69, 72, 92
length element, 10, 22
Lichnerowicz formula, 15, 17, 20, 80
Liouville measure, 43, 53
Lipschitz seminorm, 10, 94
local index formula, 91, 93, 95
logarithmic divergence, 24, 41, 43, 46

Manin q-plane, 34
measurable operator, 45, 50
metric dimension, 23, 89, 91
metric distance, 10, 68, 94
Möbius transformation, 67, 72, 94
module, 5

conjugate, 6
free, 5, 69, 71, 89
of rank one, 11
projective, 5, 11, 27, 68–71

moment asymptotic expansion, 81
moment of a distribution, 51, 81
Morita equivalence, 6

of algebras, 68
of noncommutative tori, 35, 94
of spin geometries, 68, 70, 73
strong, 7

Moyal algebra, 89
Moyal deformation, 56, 87
Moyal product, 54, 56, 85, 87
Moyal quantization, 61, 63
Moyal quantizer, 53, 54
multiplicity, 16, 20, 23, 24, 46, 92

noncommutative integral, 24, 45, 77
noncommutative R4, 85
noncommutative space, 41, 85, 87

noncompact, 88
noncommutative sphere, 87, 91
noncommutative spin geometry, 31
noncommutative torus, 34, 66, 85, 89
nonunital algebra, 22, 88
normal bundle, 59

normal coordinates, 83

one-point compactification, 2
opposite algebra, 23
orientation, 8, 28, 40, 48, 66, 87

K-orientation, 8, 28
orthonormal basis, 16, 39, 66, 90

pair groupoid, 57, 59
pairing, 5, 27, 29, 66, 71
Pauli matrices, 11, 13
periodic distribution, 51
periodic functions, 32, 33, 89
periodicity operator S, 37
Peter–Weyl decomposition, 90
phase space, 43, 53, 54
Planck constant h̄, 32, 54
plane waves, 89
Podleś sphere S2

q , 91
Poincaré duality, 28, 42
pre-C∗-algebra, 22, 26, 29, 34, 55, 87
pre-C∗-module, 6, 71
principal bundle, 8

noncommutative, 94
principal symbol, 26, 47, 83
projector, 6, 11, 28, 55, 86, 87

Bott, 12, 42
Powers–Rieffel, 42
spectral, 38, 44, 79

pseudodifferential operator, 47, 94
classical, 47
elliptic, 47, 51, 80
order of, 47
symbol of, 47, 80

q-integer, 91
quantization, 54, 61, 63, 85
quantum field theory, 85
quantum Hall effect, 38
quantum symmetry, 88, 90

rapidly decreasing sequences, 34
real structure, 23, 30, 93
regularity, 25, 93
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representation, 21, 57, 68
equivariant, 92
GNS, 35, 90, 92
Schrödinger, 54

representative functions, 88
reproducing kernel, 54
Riemann sphere S2, 11, 32, 86, 93
Riemann zeta function, 51
Riemannian manifold, 7, 59, 61
Riemannian metric, 7, 9, 11, 75, 83

scalar curvature, 15, 75, 83
Schwartz functions, 56, 70, 89
signature operator, 94
singular value, 24, 44, 95
skeleton of a torus, 36
smooth functions, 4
smooth groupoid, 57
spectral density, 79

kernel, 81, 82
spectral triple, 21, 90

complex, 19
even or odd, 21
finite, 24
fundamental, 14
nonunital, 22, 88
of Standard Model, 79, 84
of type II, 95
real, 10, 20, 21

spectrum, 22, 40
of Dirac operator, 17, 78, 91

spin connection, 9, 12, 19
twisted, 18

spin geometry, 10, 65, 66, 73, 93
noncommutative, 31, 41, 87, 88

spin manifold, 14, 31, 50
spin representation, 91
spin structure, 8, 18
spinc structure, 7, 18, 63
spinor bundle, 8, 12, 50
spinor harmonics, 15, 16
spinor Laplacian, 15, 17

spinor module, 8, 12
twisted, 17

spontaneous symmetry breaking, 75
Standard Model, 30, 76–79
state, 45, 90
string theory, 85
strong deformation, 56
symbol, 35, 80
symplectic manifold, 53, 63

tangent bundle, 58
tangent groupoid, 59, 60
theorem

Connes’ trace, 50
Euler, 49
Gelfand–Naı̆mark, 2
index, 64
Kastler–Kalau–Walze, 83
Pimsner–Voiculescu, 42
Plymen, 7
Serre–Swan, 5
Tomita, 31, 39
tubular neighbourhood, 59

θ -deformation, 87
Tomita involution, 30, 36, 93
torus group action, 87–89
trace, 27, 33, 35, 43, 49
trace-class operator, 44

ultraviolet divergence, 86
unital algebra, 6, 21, 68
unitary equivalence of spin geometries, 65,

66, 76
unitary operator, 32, 65–67
unitization of algebra, 3, 89
upper half plane, 32

vector bundle, 4
noncommutative, 5, 70
section of, 4

volume form, 26, 48, 50, 58
volume �n of unit sphere, 46, 83
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von Neumann algebra, 33, 95

Weyl operator, 34, 70, 71
Weyl quantization, 32
Wodzicki residue, 48, 50, 83, 94

density, 48, 82

Yang–Mills functional, 43, 77

zeta function, 51
zeta residue, 51, 52
Z2-grading, 7, 20, 23, 27, 38
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